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Abstract

A new method has been developed to approximate one Gaussian sum by another. This
algorithm is being developed as part of an effort to generalize the concept of a particle filter. In
atraditional particle filter, the underlying probability density function is described by particles:
Dirac delta functions with infinitesimal covariances. This paper develops an important
component of a more general filter, which uses a Gaussian sum with “fattened” finite-covariance
"blobs’, i.e., Gaussian components, that replace infinitesimal particles. The goal of such afilter
is to save computational effort by using many fewer Gaussian components than particles. Most
of the techniques necessary for this type of filter exist. The one missing technique is a re-
sampling algorithm that bounds the covariance of each Gaussian component while accurately re-

producing the original probability distribution. The covariance bounds keep the "blobs" from
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becoming too “fat” to ensure low truncation error in Extended Kalman Filter or Unscented
Kaman Filter calculations. A new re-sampling algorithm is described, and its performance is
studied using two test cases. The new agorithm enables Gaussian sum filter performance that is
better than standard nonlinear filters when applied in simulation to a difficult 7-state estimation
problem: the new filter's RMS error is only 60% higher than the Cramer-Rao lower bound while

the next best filter's RM S error is 370% higher.

|. Introduction
Difficulties can arise when solving certain nonlinear dynamic estimation problems. For
example, a common solution algorithm known as the Extended Kalman Filter (EKF) has the

potential to diverge or to yield sub-optimal accuracy 3.

Various algorithms have been
developed with the goal of improved convergence robustness or accuracy in the presence of
strong nonlinearities, among them the Unscented or Sigma-Points Kalman Filter (UKF) *°, the
Particle Filter (PF) 2, and the Moving Horizon Estimator °, also known as the Backward-
Smoothing Extended Kaman Filter 3,

The PF is attractive for its simplicity and its theoretical guarantee of convergence to the
optimal result in the limit of very many particles. The required number of particles to achieve a
reasonable result, however, can become overwhelming for a state space dimension as small as
seven * or even as small as three or four ”.

A sensible generalization of the PF is to use Gaussian sums, also known as Gaussian
mixtures, to represent probability density functions. In contrast, a PF effectively works with
representations that are sums of Dirac delta functions. A Gaussian mixture generalizes this

concept by using elements that have finite covariances instead of infinitesimal covariances. A

sum of elements with non-negligible width may be able to approximate a probability density



function with many fewer terms than would be needed by a PF for the same degree of accuracy,
as measured based on differences of multiple moments or based on the functional norm
"distance" from the true probability density. Thus, a Gaussian mixture filter has the potentia to
solve the curse of dimensionality that causes a PF to become impractical for state space
dimensions above 2 or 3.

Gaussian mixture filters have been studied extensively, and Refs. 8 and 9 are two early
papers on this subject. The proposed filter, described in Ref. 10, is a modified version of typical
Gaussian mixture filters that are contained in many references, e.g., Refs. 11, 12, 13, and 14. It
implements a separate standard EKF dynamic propagation and measurement update for each
element of its Gaussian mixture. Reference 10 demonstrates that a good approximation of the
full nonlinear Bayesian filter calculations can be implemented by using mixand-by-mixand EKF
calculations along with static Gaussian multiple-model recalculation of the mixand weights after
the measurement update, asin Ref. 15. The present paper's re-sampling algorithm is used by the
filter in Ref. 10 between its dynamic propagation and measurement update steps in order to
restrict mixand covariances and limit the total number of mixands. A strength of the Gaussian
mixture filter of Ref. 10 is the potential accuracy of its mixand-by-mixand EKF dynamic
propagation and measurement update. |f each element of the Gaussian mixture has a sufficiently
small covariance, then the EKF calculations will be very accurate. Thisis true because a narrow
distribution implies accuracy of the Taylor series approximations inherent in the EKF
calculations. Reference 9 was one of the first to highlight this important property of a Gaussian
mixture filter that has mixands with small covariances.

A number of previously published Gaussian mixture filtering schemes employ a re-



sampling/re-approximation = step. Some specificaly seek to limit the covariances of the
mixands ****_ Others use re-approximation for other reasons, such as limiting the number of
mixands, e.g. Ref. 11. Similar to the present paper, other efforts have concentrated solely on the
problem of re-sampling in a way that bounds mixand covariance, but have not implemented full
filters, e.g., Refs. 16, 17, 18, and 19. All of the known previous efforts to re-approximate
Gaussian mixtures subject to covariance restrictions employ 1-dimensional approaches to reduce
the covariance in a given mixand. They use an eigenvalue decomposition of a given mixand's
covariance matrix and split the corresponding 1-dimensional Gaussians in the resulting product
into multiple 1-dimensional Gaussians with smaller 1-dimensional standard deviations. A
number of the methods develop on-line tests for whether a mixand's covariance is too large for
accurate local filter approximation and, therefore, in need of re-approximation of multiple
mixands with smaller covariance *****"*° This 1-dimensional splitting approach has drawbacks.
Consider the required number of new mixands to approximate the original mixture closely while
respecting a given covariance upper limit. This number might be very large due to the curse of
dimensionality: The needed number of new mixands for a single original mixand could scale as
M", where M is the number of 1-dimensiona mixands with reduced variance along each axis and
n is the state space dimension. There is no obvious way for most of these methods to exploit the
possibility that severe nonlinearities occur only in a subspace of the state space. References 18
and 19 employ strategies that could result in splitting only in a subspace, thereby reducing the
needed number of new mixands. The method of Ref. 18 enforces maximum covariances along

each axis independently of the other axes. The method of Ref. 19 uses a sigma-points fit

" The terms "re-approximation” and "re-sampling" are used interchangeably throughout this

paper.



criterion to choose a single axis of splitting, and it iterates these operations recursively in case
multiple axes need splitting. Most of the developed Gaussian mixture re-approximation schemes
include methods to reduce or bound the number of mixands, e.g. Refs. 12, 13, 14, 18, and 19.
These methods perform merging as a separate step from the re-approximation that bounds
mixand covariance, and the merging may not bound the merged covariances. Two of the
methods employ the merging algorithm of Ref. 20. None of these methods develop limiting
conditions under which their re-approximated Gaussian mixtures converge to the origina
mixture.

References 21 and 22 develop weight adaptation schemes that seek to improve Gaussian
mixture dynamic propagation through continuous-time nonlinear differential equations. If the
underlying mixands have covariances that are too large, then this approach can lead to
unacceptably high model truncation errors when applying EKF or UKF calculations to each
mixand, regardless of how the weights might be adapted during dynamic propagation. Reference
16 found that the weight adaptation approach of Refs. 21 and 22 does not yield significant
improvements for certain orbit determination problems.

Other Gaussian mixture re-approximation schemes appear in Refs. 20, 23, and 24. These
algorithms' primary goal is to approximate an origina mixture by a new one that has fewer
elements. The ability to reduce the number of elements can arrest the growth of element
numbers caused by forming products of state and noise mixtures, or it can lower the numbers as
much as possible when computational resources are at a premium. Reference 25 finds the
algorithm of Ref. 20 to be effective for this purpose. The present algorithm retains reduction of
the mixand count as a secondary goal, but its main goal isto develop a new approximate mixture

whose elements all have covariances that satisfy a Linear Matrix Inequality (LMI) upper bound.



This latter goal is of primary importance when using Gaussian mixtures to generalize nonlinear
particle filtering.

The present paper's contribution is a new Gaussian mixture re-approximation algorithm. It
has three important properties. First, it chooses elements of the new mixture so that their
covariances lie below an LMI upper bound, a bound that could vary with mixand mean or some
other relevant quantity. This constraint is included as a means of ensuring that element-by-
element EKF or UKF dynamic propagation and measurement update calculations will yield a
sufficiently accurate approximation of the a posteriori probability density function when using
this re-sampling algorithm within an approximate Bayesian nonlinear estimation algorithm. This
LMI bounding approach obviates the need to implement multiple 1-dimensional splittings of a
given mixand along its covariance eigenvectors. Second, the new algorithm chooses new
mixture elements and their weights in a way that seeks to approximate the original Gaussian
mixture distribution accurately in the limit of a large number of new mixands. This paper
demonstrates the accuracy of its re-approximation in the limiting case. Third, the new re-
approximation algorithm tries to hold down the needed number of new mixands through a
combination of strategies. These strategies include @) maximization of new element covariances
subject to the LMI constraint, b) selection of new element means and weightsin away that tends
to limit the number of new elements when some of the original elements aready have
sufficiently small covariances, and c) fusion of elements if their Gaussian sum can be
approximated well by a single Gaussian element while respecting the LMI covariance bound.

A significant property of the new re-approximation scheme is its asymptotic approach to
the importance re-sampling procedure of a standard particle filter 2 in the limit of a very small

upper bound on the covariances of the new elements. This asymptotic similarity causes the



corresponding Gaussian mixture filter to be a natural generalization of the particle filter.

This paper develops and analyzes its new Gaussian mixture re-approximation algorithm in
5 main sections. Section Il defines Gaussian mixtures using square-root information matrix
notation and gives an overview of the Gaussian mixture re-approximation algorithm. Section |11
defines an LMI that bounds the covariances of the elements of the new Gaussian mixture. It
develops an algorithm for choosing the covariance of a new element in a way that respects this
l[imit while deviating as little as possible from the covariance of a corresponding element of the
original mixture. Section IV develops an agorithm for merging elements of the original mixture
subject to a bound on the relative error between elements of the original mixture and their
merged counterparts. The relative error is defined using the Integra Square Difference (1SD)
error metric between two Gaussian mixtures. Section V presents the algorithm that selects the
means, covariances, and weights of the elements which constitute the mixture re-approximation.
This section summarizes the entire re-approximation algorithm, and it demonstrates that the re-
approximated distribution approaches the original one in the limit of a large number of new
mixands. Section VI presents simulated example test results that illustrate the performance and

usefulness of the new algorithm. Section VII contains conclusions.

II. Gaussian Mixture Probability Density Functions and Re-Approximation Overview
A. Gaussian Mixture Definition
A Gaussian mixture is a weighted sum of Gaussian distributions. The i element of the
mixture, also called the i™ mixand or the i component, can by characterized by its square-root

information matrix R; and its mean k. The element probability distribution is:

. T
|dt(R) | -050R; (=g IR~ = g(: o RILRTTY (1)
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where x and k& are n-dimensional vectors and R; is an n-by-n matrix. The covariance matrix of
thisdistributionis P; = R; 1R,-‘ T where the notation (0" indicates the inverse of the transpose of

the matrix in question. The notation MXx;u,P) indicates the usual normal distribution in the
vector X that has mean g and covariance matrix P. The notation 2;,(X;u,R) indicates the same

distribution in x, except that its covariance is characterized by the square-root information matrix
R in place of the covariance matrix P. This latter parameterization of the normal distribution
will be used throughout the remainder of this paper. It alows asimple LMI solution in Section
[1l, and it is consistent with the target application within a Gaussian mixture filter that uses
numerically stable square-root information filter (SRIF) calculations.

Each element of a Gaussian mixture also has a weight, w;. Each weight must be non-

negative. The sum of all of the weights equals 1. If there are N elements in the mixture, then

N
1=Yw; and w; 20 fori=1,..,N (2
i=1

Given the Gaussian component definition in Eg. (1) and weights that obey the constraints

in EQ. (2), the corresponding Gaussian mixtureis

N
P (WL 10, Ry Wiy iy Ry) = Swiyy (X 21, Ry) 3)

i=1
It is straightforward to show that this probability density function preserves the unit

normalization constraint and that its mean and covariance are, respectively,

_ X q e ] o, T
ﬂgm - .zwi:ui an Pgm - 2 Wi[Ri Ri +(,ui :ugm)(ﬂi ;ugm) ] (4)

i=1 i=1
It is necessary to distinguish between two Gaussian mixture distributions in this paper.

Suppose that one distribution, distribution "a", is characterized by the weights, mean values, and



square-root information matrices wy;, My, Ry for i = 1, ..., N,. Similarly, suppose that another
related distribution, distribution "b", is characterized by wy;, t, Ry for j = 1, ..., Np. The

following short-hand notation is used to indicate these two distributions

Na

Pa(X)= pgm(X;Waluual’Ral""’WaNa Han, ’RaNa )= .leaiwsr(X;ﬂai’Rai) (58)
i=
Np

Pb(X) = Pgm (X; Wp1, 1 Rppeos Wy s Moy + Rany ) = _lebstr(Xiﬂbj Rypj) (5b)
j:

The goal of this paper is to develop a method that picks the parameters of distribution "5",
Ny and wy;, ty;, and Ry for j = 1, ..., Np. It seeksto pick these parametersin away that will cause
p(X) to be a good approximation of p,(x) while respecting an LMI lower bound on every ijTij

forj =1, ..., Ni. The algorithm's LMI lower bound on R, Ry, is an alternate means of enforcing

an LMI upper bound on the covariance P; = Rl;lR[;jT.

Consider the example 1-dimensional original Gaussian mixture p,(x) and its re-
approximation p,(X) that are plotted along the horizontal axis of Fig. 1. The distribution p,(X) is
the solid blue curve, and its three weighted constituents are the three dashed green curves. The
re-sampled p,(X) is the dash-dotted red curve. The standard deviations of the 3 p,(X) components
are 0.42, 0.75, and 2.06, but each p,(x) component has a smaller standard deviation, 0.20. The
goal of this paper is to develop an algorithm that generates p,(x) from p,(x) automatically in a
way that makes its dash-dotted red curve match the blue curve of p,(x) accurately while
guaranteeing that each component of p,(x) has a sufficiently small covariance.

B. Overview of Gaussian Mixture Re-Approximation Algorithm
This paper's re-approximation algorithm can be divided into three major phases. The first

phase of the algorithm performs pre-processing calculations that produce candidate new sgquare-



root information matrices that respect LMI covariance bounds. It also calculates corresponding
covariance matrix decrement square-roots, which are used by the final re-sampling algorithm to
compute the mean values of new mixands. The second phase applies a merging calculation to
original Gaussian mixture p,(x) in order to create a modified mixture p,(x). This phase attempts
to re-set some of the original weights to O while others are adjusted in a way that produces
minimal distortion of the original distribution. The goal of this phase is to structure p,(X) in a
way that may reduce the number of mixands in the final re-sampled distribution. The last phase
of the algorithm executes a procedure that determines the means, square-root information
matrices, and weights of the mixands of the new Gaussian mixture p,(X).

The next three sections define the details of this re-sampling algorithm. Section Il
develops the LMI techniques needed to accomplish the first phase. Section IV develops the
merging operations used by the second phase. Section V integrates these components into the

compl ete re-approximation algorithm.

[11. LMI Boundson the Covariances of the New Mixture's Components
A. Covariance and Square-Root | nformation Matrix Bounds
This section defines and solves a Linear Matrix Inequality. This solution is needed in order
to compute the constrained covariances of the new mixture elements. The LMI is used to
enforce the following lower bound on the information matrices of the elements of the new

Gaussian mixture pp(X):
Ry'Ry =R} R, foralj=1,..N, (6)

where the matrix inequality is defined in the sense that the symmetric matrix on the left minus

the symmetric matrix on the right equals a positive semi-definite matrix.

10



This lower bound on the information matrix of each mixture element translates into an

1 p-T

upper bound on each element's covariance: Py = Rl;leb‘jT < Ry Romin

= P,.. One can prove

equivalence between this covariance inequality and Eg. (6) as follows. The latter matrix

inequality is equivalent to Rmian:lel:jTR,Lns 1. Equation (6) is equivalent to

R,;;RijijR,;}n > . The left-hand sides of these last two matrix inequalities are the inverses

of each other. These last two inequalities are interchangeable because the first istrue if and only
if the symmetric matrix on its left-hand side has no eigenvalue greater than 1, and the second is
trueif and only if its left-hand-side matrix has no eigenvalue less than 1.

If the re-sampling algorithm must be constrained to choose the elements of p,(X) to have
covariances less than P, then it suffices to enforce the LMI in Eq. (6). This LMI provides a
means of trying to ensure that element-by-element UKF or EKF operations on the mixture, as
per Ref. 10, will yield a good approximation of optimal Bayesian nonlinear filtering because the
corresponding local approximations of the filter's dynamics and measurement functions will be
accurate over the likely range of state variability allowed by P,;4.

Choice of the bound P,.. is problem-dependent, and no general method has been
developed for choosing this matrix based on the nonlinearities of the filtering problem’s model
functions. The choice of P, should consider all of the nonlinearities in the filtering problem's
dynamics and measurement models. It should be chosen so that a linear Taylor series

approximation of each nonlinearity is reasonably accurate over the range of state perturbations
AXx that respect the bound AxTP,;c}xAx < p with the limit p chosen somewhere in the range 1 to

3.

Each R, square-root information matrix will be subject to one additional bound beyond

11



that of Eq. (6). The Gaussian mixture re-sampling algorithm chooses the /™' component of p,(x)
with the goal of improving the accuracy with which p,(x) approximates a particular element of
pa(X), cal it the ™ element. In order for the re-sampling algorithm to work well, it is necessary
that the covariance of the /™' component of p,(x) not exceed the covariance of the corresponding
i™ component of p,(x). Otherwise, the re-sampling algorithm might not be able to produce a
good approximation of the i™ component of Ppa(X) because the new approximation’s covariance
will be no smaller than the smallest covariance of any of its components. Therefore, an
appropriate additional bound on the new element's square-root information matrix is

Ry'Ryy 2 R Ru (7)
This additional bound might appear to artificially restrict the width of py(x)'s approximation of
the i™ element of p.(x). This is not the case, however, because the full algorithm includes a
compensatory widening of the re-sampled distribution through dispersion of the means of the
new mixands that it uses to approximate the i mixand of p,(x).

One might be tempted to impose an additional LMI upper bound on ijTij in order to
avoid unnecessary narrowness of the new mixands. Instead, an optimization of R, is used as a
means of limiting the size of ijTR;,j. It provides an effective "soft" upper limit and is easy to
implement, as shown in the next subsection.

B. Optimal Solution to a Pair of LMIs

The algorithm for choosing R;; seeks the matrix that satisfies the LMIsin Egs. (6) and (7)

while simultaneously minimizing two sgquared weighted-norm metrics: Trace(R;;RlT].ijR,;}n

and Trace( R;iTRijijR;il). This constrained minimization prevents R, from being any larger

than needed, which yields the largest possible corresponding covariance matrix. Thisis a good

12



way to choose R because the largest possible covariance matrix tends to enable p(x) to
approximate p,(x) accurately using the fewest possible mixands.

The optimal solution procedure for this LMI starts by computing the singular value
decomposition of the matrix Ra,-R,;lln ;
T _ -1
UpiStiVy; = RaiRmin (8)
where U,; and V,; are orthonormal matrices and S; = diag(0y;1,...,0%x) is a diagonal matrix with
the » positive singular values oy, ..., 03, On its diagonal.

If opie = 1, for al k=1, ..., n, then the choice Ry; = R,; respects the LMIsin Egs. (6) and (7)

in an optimal manner. Otherwise, one forms the n-by-» diagonal matrix
max(-051,0) - 0
0 TN max(l—ofjn ,0)

Next, one deletes all of the zero-valued rows of dS;,; in order to form the matrix dS,. That is,

Spiun = )

row k of Sy is deleted for every k such that oy > 1. This latter matrix is then used to form

the matrix:

éij = ﬁijb-]rRmin (10)
Finally, one uses orthonormal/upper-triangular (QR) factorization *® in order to compute Ry, as
follows:

. = 11

where Q,; is an orthonormal matrix and R;; is a square, upper-triangular matrix.

One can prove that this R, matrix satisfies the LMIs of Egs. (6) and (7) if one recognizes

13



the following implication of Eq. (11): that
Ry Rij = Rui' Rui + ORy" ORy; (12)

The LMI in Eq. (7) follows directly from this relationship. One can derive Eq. (6) by

multiplying this relationship on the left by Rmm and on the right by Rmm One can then
substitute in Eqs. (8) and (10) to show that Ry, b Ry Ry Ryt = Vi (S,:Spy + 85,85 )V,
Vj (S;;.Sbj + dSbT]qu dSbjqu)VbI . Thelast matrix expression within the parentheses is a diagonal

matrix, all of whose diagonal elements are no less than 1. Therefore, RmmRb]Rb]Rmm > |,
which is equivalent to Eq. (6).

It is straight-forward to show that the R,; matrix of Eq. (11) minimizes both of the squared
weighted-norm metrics Trace( R,;;Rb Rp,; mm) and Trace( R;ZTR RbJR_l) subject to the LMI
bounds in Egs. (6) and (7). Additionally, consider the eigenvalues of the two matrix differences
(Ry'Ry -R}. R ) and (Ry Ry-Ra R.). Both sets of eigenvalues are non-negative, in

accordance with the LMIs in Egs. (6) and (7). Consider the union of the eigenvalues of these
two positive semi-definite matrices, a set of 2n eigenvalues. It is straight-forward to prove that »

or more of these eigenvalues equal zero. These properties indicate that ijTij is as close as
possible, in some matrix sense, to Rmm R, andto R, R,. Closenessto R,'R,; tendsto reduce

the number of required new mixands for a given level of probability density approximation
accuracy.

Note that the LMI solution R,; is not unique. It can be left-multiplied by any orthonormal
matrix without changing any of the properties described in this subsection, except for upper-

triangularity. This non-uniqueness presents no problems. Any Ry square-root information

14



matrix with the given properties will serve for the development of the new Gaussian mixture
Po(X).
C. Covariance Matrix Decrement Squar e Roots

A covariance matrix decrement must be computed for each original mixand of distribution
pa(X). Itisneeded in order to define a modified distribution from which the mixand mean values
of the new py(x) distribution will be sampled in the overall re-approximation algorithm of
Section V. This subsection defines the covariance matrix decrement and develops an algorithm
to computeit.

The matrix oR; from Eq. (10) represents the square-root of an increment to an information

matrix. The corresponding covariance decrement is
_ _ plp-T ,-1,-T _ T
épaibj = Pai - Py = Ry Ry _ij ij - §Yaibj§Yaibj (13)

This covariance decrement is positive semi-definite, and oY, is its matrix square-root. This

square root is needed in Section V. It can be computed using following formula

_ p-1 —T Tp-1
Oarj = Rai Raj' ORy Ry (14)

where the matrix Rg;,; is determined from the QR factorization

de|:Rdéazi| = |:Raz ]éij:| (15)

with Q4 being an orthonormal matrix and R4,; being a square, upper-triangular matrix.
One can prove that oY, from Eq. (14) satisfies Eq. (13) by squaring the 6Y,; expression
in EQ. (14), as on the right-hand side of Eg. (13), and by algebraically manipulating the result to

show that it equals RallR il -R,. 1R T This manipulation requw&stheformulaR Ry =1-

d]az -

15



éijjolejTé)Rij . Thislatter formula can be proved by squaring both sides of Eq. (15) to show

that Rj,iRgai =1+ ORpiR;; Ry SRy; and by using the matrix inversion lemma * along with a

substitution based on Eqg. (12). The next step of the proof of Eq. (13) replaces R;J%”.R;jli in the

formula for éYaibjﬁYaTibj with the equivalent expression given above. Finaly, one performs

several associative re-groupings of matrix multiplications and two substitutions for éRijéij that

are based on Eq. (12).

The covariance decrement square-root matrix oY, has some interesting properties. It has
only as many columns as dR,; has rows. This number equals the number of singular values of Sy,
that satisfy o < 1. The matrix Y,z is not unique. It can be right-multiplied by any
orthonormal matrix without changing its satisfaction of Eq. (13). Any Y, matrix that satisfies

this equation will serve for Section V's re-sampling algorithm.

V. Algorithm for Merging Elements of the Original Mixture

In the dynamic filtering application, it is possible that two or more elements of a Gaussian
mixture will tend to converge to have nearly the same mean and covariance, as was discovered
during the research that produced Ref. 28. In such a situation, it is inefficient to maintain two or
more separate mixands when a single mixand with an increased weight could accurately
approximate the several original mixands. Therefore, a method has been developed to search for
redundancies in the original Gaussian mixture p,(x) and to remove them in order to form a
modified mixture called p,(X).

This merging scheme constitutes an ad hoc method to try to restrict the number of mixands

in the re-sampled distribution. It is unlikely to produce the optimal re-sampled distribution for a

16



given bound on the number of mixands. It is implemented because it may substantially reduce
the number of mixands in the final re-sampled distribution without significantly affecting the
distribution's fidelity. This is especially likely when the algorithm is being used within a
Bayesian Gaussian mixture filter which has converged to a narrow final distribution that yields
very accurate state estimates 22,
A. Selection of Original Mixandsfor Possible Merging

Merging of Gaussian mixture p,(xX) mixands is attempted only for those mixands with
sufficiently small covariances, i.e., ones that already satisfy the information matrix lower-bound
LMI in Eg. (6). Thisrestriction on candidates for merging represents an ad hoc attempt to merge
only those mixands that are likely to have converged on top of each other. It exploits the
authors experience that filter convergence tends to produce simultaneous overlapping of
mixands and smallness of mixand covariances. Aswill be discussed in Section V, each original
mixand with a sufficiently narrow covariance produces at most one re-sampled mixand.
Therefore, the merging of such mixands in the origina distribution can further reduce the
number of mixands in the re-sampled distribution.

Suppose that the subset of mixands with the required properties for merging is used to
define a new Gaussian mixture

NC
Pe(X)= pgm(X; Wcl*ﬂcliRcl""’Wch HeN, ’RCNC )= kzi’vckwsr (6 e Rere) (16)

where the set of means and sguare-root information matrices used to define p.(x), { (41;Rc1), -

(UeiRer), - (ﬂchiRch )} is chosen to be the subset of {(4.1;R.), -y (UuiiRui)s -

(Han i Ran, )} Whose elements obey:
Wai = Oand Ra,’TRm' > R;ianil’l (17)

17



Suppose that i(k) defines the mapping from the p.(x) mixand index to the corresponding p.(x)
mixand index so that (t;Re) = (MuityiRaiwy) fOr k = 1, ..., N.. Then the new weights used to

define p.(x) are re-normalized versions of the corresponding subset of the p,(x) weights:

Wai(k)

Wek =7y N
[Elwaz(n ]

Thus, p.(x) is a Gaussian mixture that represents a component of the original p,(x) distribution in

fork=1, .., N. (18)

the sense that p,(X) can be expressed as a weighted sum of p.(x) and another Gaussian mixture.
B. Merging through Mixand Re-Weighting
The ad hoc merging algorithm attempts to find a new set of weights for p.(x) that includes

some zero-valued weights and that results in the modified distribution
NC
pc'(x) =Pgm (X;Wc'l!/ucl’Rcl'""Wc'Nc 'IUCNC ’RCNC )= szvc'kwsr()(;ﬂck ’Rck) (19)

The new weights are w. for k = 1, ..., N.. The zero-valued weights correspond to mixands that
will be dropped during the re-sampling process. In effect, the dropped mixands are merged into
the remaining mixands.

The new weights must be chosen in a way that keeps the functional 2-norm of the
difference between p.(x) and the new p.(x) below a small relative error bound:

05 0.5
||pc-(x)—pc<x)||z={f[pc-<x>—pc<x)]2dx} Sa{ I[pc(X)]ZdX} =¢llp.(¥) 2 (20)

where gis asmall positive relative error limit, normally something on the order of 102 to 10 or
smaller. The integrals here and throughout the remainder of the paper are multi-dimensional
integrals over the vector space associated with the corresponding differential hyper volume

element, in this case the n-dimensional space associated with dx. This bound ensures that the
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dropping of mixands does not substantially alter the initial Gaussian mixture.
C. Definition and Use of Integral Square Difference

The probability density function relative error constraint in Eq. (20) can be re-formulated
by using the ISD between probability density functions. Given an original probability density
function p,(x) and a candidate approximation p,(x), the ISD provides a measure of the accuracy
with which p,(x) approximates p.(x) %. It is defined to be the integral of the square of the

difference between these two probability density functions:

Jisp = [Lpa(X) - pp ()] 2dx 1)

This quantity is non-negative, and its square root is the functional 2-norm of the difference
between the probability distributions:

0.5
Il pa(X) = Py (X) 2= /715D ={ I[pa(X) —pb(x)]zdx} (22)

(e}

A very small value of Jisp indicates that p,(X) is a very good approximation of p,(x).
Distribution p,(x) perfectly matches p,(x) if and only if J;sp = 0.

Reference 23 presents analytic formulas for evaluating the integral in Eqg. (21). The
formulas used here are modified versions of those found in Ref. 23. They account for the use of
sguare-root information matrices in place of mixand covariance matrices. Suppose that one
defines weight vectors for the two probability density functions: w, = [wa1;Wa2;W3;...;Wana.] and
Wy = [Wer;wi2;wes;..owpnp] . Then the integral in Eq. (21) can be written as a quadratic form in

these two vectors:
Jrop =W H —ow!H TH 23
ISD = Wq H qqWq —2Wg H gy Wp + W, HppWp, (23)

where H,,, H,,, and H,, are matrices with the respective dimensions N,-by-N,, N,-by-N,, and N,-
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by-Ny. The matrices H,, and H,, are symmetric and at least positive semi-definite. The

elements of these matrices can be evaluated using the formulas:

[Hualit = [N (X5 i s Ryi )N g1 (X5l Ry )AX fori=1,.,N,and k=1,..,N, (24a)
[Haplij = | N (X Hais Rai )N - (X5 2 Rpy )X fori=1,..N,andj=1,...N, (24b)
[be]ﬂ = I WSV(X;‘ubj’ij)wsr(X;/ubl’Rbl)dX fOI’j =1,...Nyand/=1,....N, (24C)

where the notation []; indicates the row-i/column-k element of the matrix in question.

The integrals in Egs. (24a)-(24c) can be evaluated analytically by using the normalization
property of a Gaussian distribution and the fact that the product of two Gaussian distributions is
itself a Gaussian distribution, although not properly normalized . These integrals take the

general form:

IWSF(X;ﬂC!Rc)Wsr(X;ﬂdaRd)dX =

— 00

| de(R, ) [| ARy ) | ,~0.5 Req (pte~p1a ) [Rea (e ~10) (25)
(27)" | det(R o) |

where the n-by-n matrices R,; and Ecd are computed based upon the following QR

factorization:
Q[Eﬂ -0, QZ][E@ - {Rc } (26)
0 ! 0 |~|Ry

with O being a 2n-by-2n orthonormal matrix and R.; an n-by-n upper-triangular matrix. QO

equals the first » columns of O, and Q. equals the last » columns. These matrices are used to

compute
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Req =03 {IH =-0; [ R(ﬂ @27
Equations (25)-(27) have been derived using a lengthy, non-intuitive sequence of matrix/vector
manipulations that have been omitted for the sake of brevity. In the special case where R, = R,
it suffices to use R,; = /2R, and R.; = (LW2)R,, and in this case the Eq. (25) integral

becomes

oo T
JN s (X5 ey RN g (X5 g R )X = %e—ozsmcwc—ﬂdn [Re (e =Ha)l  (2g)
o 2'r

Using the concept of the I1SD, the probability density function relative error constraint in

Eg. (20) becomes, after squaring both sides of the inequality and using the formulas in Egs. (23)-
(24c):

(W, — Wc)THcc (Wo—w,.) < gZWCTHCCWC (29)

Where W, = [Wcl;WCZ;Wc?;;---;Wch]a W, = [Wc’l;wc’Z;WcG;---;Wc'Nc]1 and

[Hoolin = [N (K Meiy Rep)N g (O g s R )dX fori=1,..,Nandk=1,..,N. (30)

D. Determination of Merged Weights
Given these definitions, the merged weight vector w, is chosen by solving the following

mixed real/integer optimization problem:

find: Wer =[Weri we2s Wergsees WerN, | (31a)
to maximize: Number of zero-valued elementsin w,.- (31b)
subject to: 1=wep+we2 +Wez+.twep, (31c)

O0<wg fork=1,.. N, (31d)
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(Wer = W) H g (Wt —W,) < €2W] Heow, (3Le)
The integer part of this constrained optimization problem comes from the fact that its
performance index is the integer count of zero-valued elements of w,..
The optimization problem in Egs. (31a)-(31€) can be solved using brute-force techniques.
The number of zero-valued elements in w,. can never exceed N. - 1 due to the weights
normalization constraint in Eqg. (31c). A brute-force optimization works through all possible
combinations of zero-valued elements of w,, starting with the N. combinations that have N. - 1
zero-valued elements, next working with the N.(N.-1)/2 combinations that have N, - 2 zero-
valued elements, etc. Thus, the N, combinations that have the highest possible Eq. (31b)
performance are tried first, followed by the N.(N.-1)/2 combinations that have the next highest
possible Eq. (31b) performance, etc. For each such combination, the values of the non-zero-
valued w,- elements are found that minimize the left-hand side of Eq. (31€). This minimization
can be carried out using a few matrix-vector calculations because the minimized function is
quadratic in the free elements of w,- while the equality constraint in Eq. (31c) is linear in these
elements . If al such elements are positive and if the resulting minimum respects the
inequality in Eg. (31e), then the optimum has been achieved, and there is no need to try any
combinations with fewer zero-valued w,- elements. All combinations with the same number of
zero-valued w.- elements are tried. |If there are multiple possible feasible w,- solutions that yield
the same number of zero-valued elements, then the one with the lowest left-hand side of Eg.
(31e) is selected because that one achieves the best fit to the origina p.(x) distribution. If there
are no feasible points with zero-valued elements of w,, then the new weights are set equal to the
old weights: w,. = w,.

It may be possible to solve the mixed integer/real optimization problem in Egs. (31a)-(31e)

22



without resorting to brute-force techniques, similar to the algorithm in Section 4 of Ref. 29. The
computational cost of the brute-force method grows with increasing N, in a combinatorial
manner. Therefore, N, should be restricted to arelatively small number if nothing better than the
brute-force algorithm has been implemented.
E. Re-Weighting of Original Gaussian Mixture

The solution to the re-weighting optimization problem in Egs. (31a)-(31e) is used to define
new weights for the original Gaussian mixture p,(x). These new weights are

W, if 1 {i(1),i(2),i(3),...,i(N,)}

—J( N¢ =
Wa'l = (leai(j)]wc-k if thereexistske {1,.., N} suchthat /= (k) ' 1= L Ne (32)
]:

The lower line in this formula ensures that

Nc Nc

kélwa'i(k) = lElWai(k) (33)
because of the normalization constraint on the elements of w,- in Eq. (31c). The effect of Eq.
(33) isto retain the composite weight of the merged set of mixands relative to the other mixands.
Given that the other mixand weights of p,(x) remain unchanged, Eq. (33) also ensures that the
new weightsin Eq. (32) are normalized.

The new weights in Eq. (32) are used to define a modified version of the original Gaussian

mixture:
Ny
pa'(x) =Pgm (X;Wa'l’ﬂallRall""Wa'Na ':uaNa 'RaNa )= .lea'iwsr (X;:uai’Rai) (34)
l:

The constraint in Eqg. (31€) ensures that this mixture will be very close to the origina p.(x)
mixture in the I1SD sense. If the optimization problem in Egs. (31a)-(31e) fails to find any

mixand weights that can be set to zero safely, then p,(x) will beidentical to p,(x).
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V. Sampling Algorithm that Generatesthe New Gaussian Mixture

The heart of the Gaussian mixture re-sampling algorithm involves choosing the elements of
the new p,(X) and their weights so that this mixture will closely approximate the modified
original mixture p,(x). Recal that the elements and weights of p,(x) are, respectively,
Nor(X; i, Rpj) @nd wy; for j =1, ..., Ny, as per Eq. (5b). The design of p,(x) involves choosing the
means, square-root information matrices, and weights, i, Ry, and wy, for j = 1, ..., Np. This
section describes how these choices are made. It also summarizes the entire algorithm and
demonstrates the convergence of p,(x) to p,(X) in the limit of large Np.
A. Pre-Processing of Square-Root | nformation Matrices

The LMI solution calculations from Section |11 are carried out prior to the selection of new
mixand components for distribution py(x). Each new component of p,(x) is based on a
component of p,(x) through a type of sampling. Its mean and covariance will be based on the
original mean and covariance of the corresponding p,(X) element, but with modifications which
flow from any square-root information matrix perturbation that is required to satisfy the LMIsin
Egs. (6) and (7). Therefore, it is necessary to pre-compute quantities associated with the
perturbation of the square-root information matrix of each p,(x) mixand.

Foreachi =1, ..., N, the following LMI pre-processing calculations are performed: Use

Egs. (8)-(11) to compute R;;, and rename this candidate distribution-b sgquare-root information

matrix ﬁai. Next, use Egs. (14) and (15) to compute JY., and rename this covariance

decrement square-root matrix 5170,-. Let nay. denote the number of columns of 6170”-. It is no
larger than n. If the original mixand square-root information matrix R,; already satisfies the LMI

in EQ. (6), then Ea,- will equal R,;, §I7al- will be an empty matrix, and n,y,; will equal 0.
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B. High-Level Stepsof Gaussian Mixture Re-Approximation Algorithm

The overall re-approximation algorithm has been outlined in Subsection 11.B. It consists of

three major phases that are defined by the following six steps:

a)

b)

d)

Compute narrowed distribution square-root information matrices R,; , covariance

matrix decrement square roots 6170,-, and the latter matrices' column dimensions
nayai fori =1, ..., N,, as described in Subsection V.A. These calculations are carried

out using Egs. (8)-(11), (14), and (15), except that ﬁai takes the place of R, and
6Y,; takes the place of &Y, in those equations. n,y,; equals the number of columns
in 6Y,;, which will bezero if R,; = R,

Choose the set {(«1;Rc1), v (MeriRek), - (ucNC;RcNC )} to be the subset of
{(Wa1;Ra1),s -y (WaisRar), - ( Han i Ran, )} whose elements obey the conditions in

Eqg. (17). These define the truncated Gaussian mixture p.(x) in Eqg. (16). If the
initial count of elements in this set, NV, is larger than some pre-specified target,
Netarger, then discard from this set the (N-Newree:) €lements that have the lowest
corresponding weightsin p,(X).

Solve the optimization problem in Egs. (31a)-(31le) in order to compute the
modified weights that define the modified truncated Gaussian mixture p.(Xx).

Use Eq. (32) to compute the modified weights that define the merged modification
of the original Gaussian mixture, p,(X).

Select Nywreer, the target number of mixands in Gaussian mixture p,(x), initialize
lo(iy =0fori =1, .., N, and initialize empty arrays for g, Ry, and wy.; that will

store, respectively, the means, square-root information matrices, and un-normalized
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weights that will be generated by the 9-step algorithm that will be presented in
Subsection V.C.
f) Execute the 9-step algorithm that is defined in Subsection V.C.

The first major algorithm phase is Step a), the LMI pre-computation phase. Steps b)-d)
implement phase two, the mixand merging phase. Steps €) and f) correspond to phase three, the
final determination of new mixands. At the end of Step f), the new mixture p,(X) is completely
defined via s, Ryj, and wy; for j =1, ..., Np.

C. A Sampling-Based Approach for Choosing Means, Square-Root Information Matrices,
and Weights of the Re-Sampled Gaussian Mixture

The algorithm for choosing the components and weights of p,(x), as defined in Eg. (5b),
amounts to a sampling agorithm from a Gaussian mixture that is a modified version of p,(x).
This modified version has the same means and weights, 4,; and w,; for i =1, ..., N, but it has

modified covariances. In place of the covariance P,; = Rgl-lR;l-T , each mixand's covariance is the

narrowed value 67'56,,-: ﬁaiﬁa} If 55’;”' is an empty matrix and ngy,; = O, then the

corresponding covariance is éﬁai =0; i.e., themodified mixand is a Dirac delta function.

The re-sampling algorithm starts with a target number of p,(X) mixands, Npwreer, and it
initializes and updates various quantities during its sampling procedure. These quantities include
the current total number of actual new mixands, j, along with the mean, square-root information
matrix, and un-normalized weight of each of these new mixands. These latter quantities are,
respectively, iy, Ry, and wyy for I =1, ..., j. Another set of stored quantities are the indices of
the first new mixands of distribution p,(x) that have been sampled from given mixands of

distribution p,(x). Let these indices be designated as /o(i) for i = 1, ..., N,. These indices are
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initialized to the values lo(i) = O for i = 1, ..., N, in order to indicate that no mixands of
distribution p,(x) have yet been sampled from the corresponding mixands of distribution p,(X).
Given these definitions, the re-sampling algorithm executes the following steps.
1. Setj =1 and seed random number generators.
2. Usearandom number generator to draw a scalar sample £ from the uniform

distribution U]0,1] and find the unique value of i in the range 1 to N, such

that
0 ifi=1 i .
i—1 >w 'k ifi<N
Swgp ifis1SA<U=” ¢ (35
k=1 1+ ifi=N,

where gis any small positive number, not necessarily the same number asis
used in Eq. (31€).

3. If ngy, > 0, then use arandom number generator to sample 7 from the ngy,-
dimensional, zero-mean, identity-covariance Gaussian distribution A #;0,7),

Set iy = Mui + 5170,,-77 , and skip to Step 6. Otherwise, continue to Step 4.

4. If Io(7) = O, then set w4, = u,; and skip to Step 6. Otherwise, continue to Step
5.

5.  Set m = [y(i), increment w,,», by 1, decrement j by 1, and skip to Step 8.

6. SetRy= R, andwy, = 1.

7. If Ip(i) = 0, then re-assign Io(i) =.
J
8. I XWuubi < Nparger» then increment j by 1 and return to Step 2.

Otherwise, continue to Step 9.
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9. Set N, =, set Wik = Wunvid Nbiarge: fOr k=1, ..., Np, and terminate.

The steps of this algorithm can be interpreted as follows. Step 2 samples the discrete
probability "mass’ function over the Gaussian mixture weights in order to select mixand i from
distribution p.(x). Mixand i normally will be used to define the new ;™ mixand of distribution
pu(X). If ngy, = 0 and Ip(i) > O, however, then the selection of mixand i will result only in an
increase of the weight for already existing mixand /o(i).

Steps 3 or 4 are executed if there is a new mixand element, followed by Steps 6 and 7.

Step 3 defines the mean of the new ;"

mixand by sampling from a narrowed Gaussian
distribution centered at the mean of the corresponding p.(x) mixand. Step 4 is like Step 3,
except that the narrowed Gaussian has zero covariance so that the mean of the new p,(x) mixand
exactly equals the mean of the original p,(x) mixand. This situation occurs when the original
mixand already has a small enough covariance, one whose square-root information matrix
already satisfiesthe LMI in Eq. (6).

Step 5 executes when the importance sampling algorithm calls for more than one sample
from a p,(x) mixand whose original square-root information matrix satisfies the LMI in Eq. (6).
The algorithm could be re-designed to ignore this situation, in which case distribution p;(x)
would contain multiple identical mixands because the exact same mean and square-root
information matrix would be assigned in multiple iterations of, respectively, Steps 4 and 6. Step
5 circumvents this inefficiency by increasing the weight of an existing p,(x) mixand instead of
creating an identical new mixand. This strategy reduces computational cost for any Gaussian
mixture filter that uses this re-sampling method.

Step 8 tests for termination by determining whether the number of attempts to add new

mixands is equal t0 Ny The agorithm terminates when the total number of iterations of

28



Steps 2-8 equals Npyreer bECause the sum of the un-normalized weights w,.;; in the Step-8 test
increases by 1 for each iteration of these steps. This happens because one and only one of the
un-normalized weights gets incremented by 1 during each iteration. The value of j undergoes a
net increment of 1 for each iteration of Steps 2-8 if and only if one or both of the following
conditions holds true: nagy,; > 0 or lp(i) = 0. Otherwise, Step 5 is executed as part of the iteration,
and the net increment to j is 0.

The index j keeps track of the distribution p,(x) mixand that is in the process of being
created. Step 5 decrements this index in recognition of the fact that no new mixand is created if
the new mixand would have been identical to an existing one. At the end of the algorithm in
Step 9, N, is set equal toj and is guaranteed to be less than or equal t0 Npreer. Step 9 normalizes
the un-normalized weights in order to compute the p,(x) distribution's final weights.

D. Discussion of Algorithm

The value N,uqe: 1S an upper bound for the number of mixands to consider in the merging
calculations of Steps b)-d) of the executive algorithm of Subsection V.B. This value must not be
too large. Otherwise, the brute-force solution procedure for the optimization problem in Egs.
(31a)-(31e) could become too expensive computationally. Recall that this procedure is outlined
immediately after Egs. (31a)-(31€) in Subsection 1V.D.

Two parts of the algorithm have the potential to reduce the eventual number of mixandsin
distribution p,(x). The first is the mixand merging procedure in Steps b)-d) of the main
algorithm of Subsection V.B. The second is the mixand re-weighting operation in Step 5 of
Subsection V.C, which happens in lieu of adding a redundant new mixand. Suppose that a
nonlinear Bayesian filter converges after initial transients to a distribution that is nearly Gaussian

and suppose that the converged distribution's covariance respects the upper bound that
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corresponds to the square-root information matrix LMI in Eq. (6). In thiscase, Steps b)-d) of the
summary algorithm are expected to merge mixands that have any appreciable remaining weight.
Furthermore, Step 5 of the Subsection V.C algorithm is expected to be reached many times for
the few mixands with appreciable non-zero weight that will remain after the merging procedure.
The net result will be eventual convergence to a re-sampled Gaussian mixture p,(X) that has
relatively few mixands. These techniques have succeeded in reducing the number of re-sampled
mixands in several example applications to nonlinear Gaussian mixture filtering.
E. Demonstration that the Re-Sampled Gaussian Mixture Converges to the Original in the
Limit of a Large Number of Mixands

It is possible to demonstrate that p,(x) becomes an arbitrarily good approximation of p,(x)
in the limit as N, becomes arbitrarily large. If £in Eq. (31€) of Subsection 1V.D is set low
enough to ensure that p,(X) is avery good approximation of p,(x), then p,(x) will a'so converge
to p.(X) in the limit of large N. The choice of ¢ is up to the algorithm designer, and the only
drawback of choosing a very small £ will be a failure to merge some mixands in distribution
pa(X) and, therefore, the failure to reduce the number of mixands in distribution p,(x) as much as
one might like. Therefore, given the possibility of using a sufficient number of mixandsin p(x),
the following demonstration that p,(x) converges to p,(x) is easily extensible to a demonstration
that p,(x) can be made to converge to p,(x).

In the limit of very large N,, it is obvious that the probability mass function sampling in
Step 2 of the Section V.C agorithm guarantees the following property of the weights of
distribution p,(x):

Wa'i = z ij fori= 1, . Na (36)
JE€Jbi
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where Jp; is the set of indices of all distribution-p,(x) mixands that have been generated from
mixand i of distribution p,(x) in Steps 2-7 of the algorithm of Subsection V.C.

Next, consider the Monte-Carlo method of selecting the mixand means of distribution
pr(X). Itisgivenin Steps 3 and 4 of the Subsection V.C agorithm. When coupled with Eg. (36),
this Monte-Carlo procedure for generating mixand means implies the following: A good
approximation of py(x) in the limit of large N, can be derived via partial replacement of the re-

sampled distribution's mixand summation with integral equivalents. That is:

N, -
pp(X) = Z( 2 ijwsr(X;:ubj’Rai)j
i=1 jEJbl'

(o)

N, - -
= .lea'i str (X;[ﬂai + éYaiﬂi]'Rai)Wsr (771' ;0’ [)d”i (37)
1= ~oo

Note that the use of ﬁai in place of R, inthefist line of Eq. (37) is consistent with Step 6 of the

algorithm of Subsection V.C.

The weight and integral in the second line of Eq. (37) approximate the summeation over all j
e Jp inthefirst line by virtue of the way that 4, is chosen in Step 3 or 4 of the Subsection V.C
algorithm. The zero-mean, identity-covariance dummy integration variable 7; takes the place of
the random-number-generated vector 7 in Step 3 of the algorithm of Subsection V.C. Recall that

its dimension is ngy,. If aparticular mixand of distribution p,(x) yields the dimension n,y,; = 0

because ﬁai = R, satisfies the LMI in Eq. (6), then Step 4 of the algorithm of Subsection V.C

applies rather than Step 3. There is no random-number-generated 7 vector in this case, and éfai
isan empty matrix. Nevertheless, the formulain Eq. (37) can be retained through a re-definition

of the éfa,- matrix to be an n-by-1 matrix of zeros, which redefines n,y,; to equal 1. This
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redefinition maintains the needed relationship between R,;, ﬁai, and 557611‘ that is given by Eq.
(13) if one makes the substitutions R, = Eai and oY, = 617(,,-.

The 7, integral in Eq. (37) can be evaluated anaytically. One way to evaluate it is to
employ the unit normalization formulafor a standard vector Gaussian distribution. The resulting
integral derivation involves severa transformations and a significant amount of matrix algebra.

Its details have been omitted for the sake of brevity. After integration, Eq. (37) becomes

Na SAST &5 STy W
pb(x) = .zlwa'iW(X;luai 1[R_iRai + 5Yai5Yai D= lea'iwsr(X;ﬂai'Rai) (38)
1= 1=

The far right-hand side of this equation is exactly the definition of Gaussian mixture p,(X),

thereby demonstrating the convergence of p,(X) to p.(X) in the limit of large Np.

V1. Examples of Algorithm Performance

A. Fidelity of the Re-Sampled Gaussian Mixture Approximation

The algorithm described in Sections 11-V has been implemented in MATLAB and tested on
several problems. Consider the 1-dimensional example whose original Gaussian mixture p,(x)
and re-sampled mixture py(x) are plotted in Fig. 1. The origina p,(x) has 3 components and is
plotted in solid blue along the horizontal axis. The approximate p,(x) has 5000 components and
is plotted as the dash-dotted red curve along the same axes. The 3 components of p,(x) are
plotted as dashed green curves. Their respective weights are 0.4410, 0.0687, and 0.4903, their
mean values are -1.0106, 0.5077, and 0.6145, and their standard deviations are 0.7462, 0.4165,
and 2.0603. The components of py(x) al have the same standard deviation: 0.20. This is the
upper limit imposed by the LMI in Eq. (6). As can be seen from Fig. 1, p,(X) approximates p,(x)

very well. The cost of achieving this excellent fit is the need to use 5000 components to
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construct p,(x). A fit with an N, count of only 1000 mixands (not shown) has noticeably less
accuracy.
B. Propagation of Probability Density through a Nonlinear Function using a Re-Sampled
Distribution with Narrowed Mixand Covariances

Figure 1 illustrates an important point about why this Gaussian mixture re-sampling
method has been developed. It plots an example nonlinear function f(x) as the dash-dotted black
curve. This function is a cubic spline that is defined by its node x values, f values, and df/dx
values, as per Table 1. The figure also shows the exact propagation of the probability density
function p,(x) through f(x) to produce the corresponding probability density function for f: p«f)
= pJx(F)]/|ofl0x|, where x(f) represents the function inverse of f(x). This probability density is
plotted as the solid blue distribution that is shown along the left-hand vertical axis (after being
moved to have its zero value line up at the horizontal position x = -12 and after being scaled
down by a factor of 3 in order to fit well within the figure's horizontal range). p(f) is plotted
along the vertical f axis because f is its independent variable. Also plotted on that axis are two
approximations of p(f). The dashed green curve is the p(f) that results from performing ssimple
EKF-type propagations through f(x) for the 3 components of p,(x). The dash-dotted red curveis
similar, except that it applies the EKF-type propagations to the 5000 components of p,(x). It is
obvious from this plot that the latter approximation is much closer to the truth. It even
reproduces the bi-modal peaks of the true distribution. Thus, there can be significant benefit in
terms of nonlinear filtering accuracy if one re-approximates p,(x) by a Gaussian mixture ps(X)
with covariance bounds on each of its components. This benefit occurs even for the case of N, =
1000 mixands that is mentioned at the end of the previous subsection.

Note that no particular mathematical criterion has been defined in order to determine the
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minimum required number of new mixands N, that achieves good approximation accuracy of
pa(X) and p(f). The numbers N, = 1000 and N, = 5000 are representative values that help to
illustrate the potential accuracy of this new re-approximation method.
C. Bayesian Conditional Probability Density Calculations with a Nonlinear M easurement
Function
A different calculation is required in order to illustrate the benefits of using a re-sampled

Gaussian mixture with bounded component covariances when performing the measurement
update of a nonlinear filter. Suppose that p,(x) of Fig. 1 isthe a priori probability distribution
for x, and suppose that f(x) of Fig. 1 is anonlinear measurement function rather than a nonlinear
dynamic propagation function. Suppose that the measurement model takes the form:

y=f(x)+v (39
where y is the measurement and v is Gaussian measurement noise with a mean of zero and a

covariance of P,,. Then Bayes rule dictates that the a posteriori probability distribution of x is

X X _ _ Tp1r,,_
P posterion () = LY DXIPa0) o =08y=r 00T RAY-/ (0], () (40)
T (Y1 X) Py (X)X

—o00

where C is a normalization constant. This posterior distribution can be approximated as a
Gaussian sum by using EKF or UKF calculations to do individual updates for each of the
Gaussian components followed by re-weighting of the components. The re-weighting is based
on chi-squared statistics of the components’ normalized innovations, asin Ref. 10.

Figure 2 presents three a posteriori probability density functions for this example. The
measurement error covariance is Py, = (0.1)% A truth-model simulation generated x;,... = -2.0965
and y = 0.2996. The solid blue curve is the true a posteriori probability density. The dash-

dotted red curve is the result of applying multiple-model Gaussian/EKF calculations to the 5000
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mixands of Fig. 1's approximate a priori distribution p,(x). The dashed green curve is similar,
except it applies the approximate multiple-model Gaussian/EKF calculations directly to the 3
elements of the true a priori distribution p,(x). The dash-dotted red curve is a much better
approximation of the solid blue curve than is the dashed green curve. The improvement of the
red dash-dotted curve vs. the green dashed curve further illustrates the advantage for nonlinear
Gaussian mixture filtering when using the mixand covariance limit in this paper's re-sampling
technique.

Although not shown in Fig. 2, significant accuracy improvement occurs even for the case
of N, = 1000 mixands that has been mentioned at the ends of the previous 2 subsections. The
decision to plot a case with N, = 5000 mixands has been made in order to emphasize the possible
accuracy of thistechnique.

It is possible to improve upon the Gaussian mixture re-approximation accuracy and the
nonlinear filtering accuracy shown in Figs. 1 and 2 when re-sampling with N, as small as 100.
Such performance improvements have been achieved by using the more complicated re-sampling
algorithm of Ref. 30. Future research might fruitfully combine ideas from Ref. 30 with the
present re-sampling technique in order to produce a more efficient method.

D. Performance of the Gaussian Mixture Re-Approximation Algorithm within a Bayesian
Nonlinear Filter

This paper's new re-approximation algorithm has been used to develop a full nonlinear
Gaussian mixture filter. Reference 10 defines this new filtering algorithm and reports the results
of applying it to asimulation of the Blind Tricyclist nonlinear estimation problem of Ref. 4.

The Blind Tricyclist constitutes a chalenging 7-state nonlinear estimation problem. It

includes unknown planar position and heading states of the tricycle. Its nonlinear relative
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bearing measurements are made to two moving reference points that are mounted on two
separate merry-go-rounds, each with 2 unknown parameters that must be estimated by the filter.
These extrafilter states are the angle and the constant angular rate of each merry-go-round.

Two different regularized particle filters have been tried on this problem, one with 3000
particles and another with 10000 particles. Neither performs very well. Reference 4 obtained
the best performance using the Backwards Smoothing EKF (BSEKF) of Ref. 3, which is also
known as the Moving-Horizon Estimator ®. None of these existing filters exhibited performance
that was close to the Cramer-Rao lower bound *.

The new re-sampling algorithm of this paper, when embedded in the modified Gaussian
mixture filter of Ref. 10, achieved better performance than all the filters described in Ref. 4. It
used the target number of mixands after re-sampling Npa: = 7000, and it used the following
sguare-root information matrix lower bound in EqQ. (6): R,.;, = diag[1/(2.6 m); 1/(2.6 m); 1/(1.04
rad); 1/(0.3467 rad); 1/(0.4 rad); 1/(2000 rad/sec); 1/(2000 rad/sec)]. Thus, the position
component standard deviations are limited to 2.6 m per axis after dynamic propagation, the
heading standard deviation is limited to 1.04 rad (60 deg), the two merry-go-rounds angular
standard deviations are limited to 0.3467 rad (20 deg) and 0.4 rad (23 deg), respectively, and
their rate standard deviations are limited to 2000 rad/sec (115000 deg/sec or 318 Hz). The rate
standard deviation limits have been set high because the rates do not directly enter any problem
function nonlinearities. The component error standard deviations used to define R,,;, have been
selected to make the geometric nonlinearities in the Blind Tricyclist problem reasonably well
approximated by linearized models over the corresponding state uncertainty ranges. The chosen
Nuarger VAlUe enables a reasonably accurate approximation of the wide initial state probability

density function using a Gaussian mixture that respects the covariance bounds associated with
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Ryin.

The performance of the Gaussian mixture re-sampling algorithm within the new nonlinear
filter is characterized by Figs. 3 and 4. Figure 3 plots the root-mean-square (RMS) position error
magnitude time histories for 8 filters along with the Cramer-Rao lower bound for this error.
These RMS values are compute for 100 Monte Carlo simulations of the estimation problem for
each filter for the case of large initial errors. The 8 filters include an EKF, two UKFs with
different tuning parameters, two BSEKFs with different horizons of explicit backwards
smoothing (BSEKF A using 30 samples and BSEKF B using 40 samples), two regularized PFs
with different particle counts (PF A using 3000 particles and PF B using 10000 particles), and
the new Gaussian mixture filter that includes this paper's re-sampling algorithm with re-sampling
control parameters defined in the preceding paragraph (designated as the "Blob" filter in Fig. 3).
Note that this comparison does not explicitly include comparisons with alternate Gaussian
mixture filters, e.g., those of Refs. 11, 12, 13, and 14. Such a comparison should be done, but it
is beyond the scope of the present paper and of Ref. 10, which is the source of Fig. 3.

Figure 3issimilar to Fig. 5 of Ref. 4, except that the two PFs show improved performance
here in comparison to the figure from Ref. 4. This improved performance results from the
removal of an aliasing problem from the PFs that was caused by the 2r ambiguities of the
problem's heading angle and merry-go-round angles. These ambiguities, when coupled with the
PF's regularization cal culations, caused mischief with the origina PF results reported in Ref. 4.

It is clear from Fig. 3 that the new "blob" filter achieves the best performance of al 8
filters. Its solid blue curve is aways the lowest of all 8 filters, and it is much nearer to the
Cramer-Rao lower bound (CRLB) than any of the other filters. At the end of the filtering run,

the "blob" filter RMS error is only 60% higher than the CRLB, but the two next best filters,
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BSEKFs A and B, have final RMS errors that are 370% higher than the CRLB.

In fact, the new filter's RMS error lies dlightly below the CRLB out to ¢+ = 37.5 seconds.
This result seems inconsistent with the theory that the CRLB really is a lower bound.
Furthermore, the curves of 4 of the other filters lie below the CRLB during the first 9.5 sec.
These seemingly impossible results are conjectured to be artifacts of using only a finite number
of Monte-Carlo simulationsin order to generate Fig. 3.

Reference 10 also considers the normalized estimation error squared (NEES) of the filter
state as a measure of consistency. The new "blob" filter exhibits somewhat reasonable
consistency, and it displays the 2™ best consistency during the second half of the filtering
interval. PF B achieves the best NEES filter consistency.

Another important performance feature of the Gaussian mixture re-sampling algorithm is
depicted in Fig. 4. This figure plots statistics of the actual number of mixands in distribution
pi(X) after re-sampling, N,. This number varies from case to case for the 100 Monte Carlo runs,
and it varies with time. The figure plots the maximum (solid blue curve), mean (dash-dotted red
curve) and minimum (dashed green curve) of N, over the 100 cases as functions of time since
filter initialization. Theinitial values of al three statistics equal 7000, consistent with the chosen
value of Nyeer. AStime progresses through the filtering run, however, all three statistics start to
drop. They all drop to very low values by the end of the run at r = 141 sec, with the final
maximum being 8, the mean 3.77, and the minimum 1. This decay of N, is a useful property
because the computational burden of running the "blob" filter scales linearly with N,. Any
ability to reduce N, while maintaining filter performance will reduce the filter's need for
computational resources.

The sharp drop in all three N, statistics over time can be attributed to the ad hoc measures
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by which the re-sampling algorithm attempts to limit the number of mixandsin p,(x). Recall that
the first of these measures is the re-sampler's attempt to merge redundant mixands, as described
in Section IV and as implemented in Steps b)-d) of the executive algorithm defined in Subsection
V.B. The second of these measures is the re-sampler's ability to re-weight a single mixand of
pr(X) instead of replicating it. This re-weighting occurs if the original mixand from distribution
pa(X) has a covariance sufficiently small to satisfy the LMI in Eqg. (6) along with a weight
sufficiently large to be selected multiple times during the probability mass function sampling in
Step 2 of the algorithm in Subsection V.C.

One might be concerned that the small N, values near the final time in Fig. 4 could cause
problems like those caused by a lack of particle diversity in a PF. This is not the case because
the Gaussian mixture "blob" filter does not rely solely on particle diversity in order to give width
to its approximation of the a posteriori Bayesian distribution. Distribution width is aso inherent
in the covariance of each mixand. Therefore, a single mixand can have sufficient diversity if the
true Bayesian distribution is narrow and nearly Gaussian. Note, also, that it would be possible
for a filter based on the present re-sampling procedure to increase its N, if an increase were to
become necessary. The increase would happen after a dynamic propagation if that propagation
added enough state uncertainty to cause the LMI in Eq. (6) to be violated by the mixands that
characterized the new a priori filter distribution.

The new "blob" filter is computationally much more expensive than a simple EKF or UKF.
Reference 4 reports mean computation times for all of the filters averaged over the 100 Monte
Carlo cases. The EKF requires only 0.08 sec, on average, to filter the entire data batch when
running in MATLAB on a Windows XP Professional Workstation, and the two UKFs require only

1.18 sec. BSEKF A requires 60.84 sec, on average, and BSEKF B requires 110.6 sec. The latter
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BSEKF requires more execution time because it performs explicit nonlinear smoothing over a
longer interval. PF A requires 149 sec, and PF B requires 695 sec, numbers that differ somewhat
from those reported in Ref. 4 due to the fix-up of the angular aliasing problems. PF B is slower
than PF A due to its use of 3.3 times as many particles. The mean execution time for the "blob"
filter is 187 seconds. Thus, the new "blob" filter is more expensive computationally than 6 of the
other 7 filters, but it uses 3.7 times less computing power than PF B. Better PF performance
might be achievable by increasing the number of particles beyond 10000, but the computational
cost would make it much less attractive than the new Gaussian mixture "blob" filter for this
particular problem.

Similar to a PF, the calculations of the "blob" filter are almost completely parallelizable, all
except the inexpensive re-weighting at the end of the measurement update *°, and the mixand
merging operations of Section 1V. Therefore, its execution speed has the potential to be
significantly increased by mapping it onto a parallel processor.

Most of the details about the Blind Tricyclist problem and all of its mathematical equations
have been omitted from the present discussion for the sake of brevity. The interested reader
should consult Ref. 4 to learn the details of this benchmark nonlinear estimation problem.
Reference 4 cites alink to MATLAB software for the benchmark problem's various dynamics and
measurement functions. The software can be downloaded by researchers in order to test their

own nonlinear filters.

VI1I. Conclusions
A new Gaussian mixture re-approximation/re-sampling algorithm has been developed. It
has three goals. First, it seeks to create a new mixture that is a close approximation of the

original mixture. Second, it limits the covariances of the elements of the new mixture so that

40



each one will propagate accurately through typical EKF or UKF nonlinear filter calculations,
provided that the covariances have been limited to a sufficient degree for a given problem model.
The algorithm’s third goal, which is of secondary priority, is to limit the number of components
of the re-sampled mixture.

The new re-sampling agorithm represents a natural generalization of a particle filter's
importance re-sampling, but with new complexities. Covariance matrices of the new mixture
components are bounded from above. These bounds define systems of linear matrix inequalities
that set lower bounds on the corresponding square-root information matrices. Optimal solutions
to the linear matrix inequalities determine new mixand square-root information matrices that are
as close as possible to those of the original mixture. Mean values of the new mixture
components are sampled from modified components of the original mixture that have reduced
covariances. These covariance reductions compensate for the fact that the total covariance of the
new mixture is determined by two contributions, one from the reduced covariances of the new
mixands and the other from the variability of the new mixands mean values.

The re-sampling algorithm has been tested on two sets of example problems. The results
show that a good approximation of the original probability density can be achieved with
significantly narrowed covariances of the re-sampled mixands. This achievement enables
accurate Bayesian nonlinear estimation calculations via application of simple EKF or UKF
operations within the Gaussian mixture framework and using a multiple-model-filter approach.
In one Monte Carlo test, the new re-sampling algorithm enabled a new Gaussian mixture filter to
achieve significantly better performance on a difficult 7-state nonlinear estimation problem than

has been achieved by four other popular types of nonlinear filters.
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Table 1. Spline Node Values to Define Example f(x)

x spline fvaluesat | df/dx values
nodes nodes at nodes
-15 0 1/150
-10 1/30 1/120
-9 1/20 3/80
-2 1/3 3/80
-1 7/20 1/60
1 23/60 1/30
15 13/30 19/180
10 4/3 8/81

15 53/30 13/150

46



Figure Captions

Fig. 1. A 3-component original Gaussian mixture, a 5000-component re-
approximation, and their propagation through a nonlinear function.

Fig. 2. True and approximate a posteriori probability distributions after a
nonlinear measurement update.

Fig. 3. Blind Tricyclist RMS position error time histories of eight filters and the
Cramer-Rao lower bound, as computed from 100 Monte-Carlo simulations
(from Ref. 10).

Fig. 4. Maximum, mean, and minimum N,, time histories for "blob" filter runs on
100 Monte-Carlo simulations of the Blind Tricyclist problem (from Ref.

10).

47



Approximate pf(f) from 3-component ,-'
EKF propagation of pa(x) through f(x) j
‘ 14

Approximate pf(f) from 5000-component EKF
propagation of pb(x) through f(x) (dash-dotted red) i(,/f(x)

0.5

o

0.4 Son [ / N

= .
-
-
o

- ’, 2 p,(¥) (solid blue) &

) 431 £
’ 4
~ p,(¥) (dash-dotted red)
Exact p/f) = p_[x()}/|dfidx| o /

(solid blue) e g \‘ \
3 components

0.2 7 /)
-~ I '
/.’ S of p_(¥)
4
)

’ }

R
B4 \
Rd { [}

0.1 7 ——
’ fi R Ny
a ] Pid \r
~ Vi A 4
4.7 AR Y
ALY

—— <
2 4 6

Fig. 1. A 3-component original Gaussian mixture, a 5000-component re-

approximation, and their propagation through a nonlinear function.
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