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Generalized Wahba Problems
for Spinning Spacecraft
Attitude and Rate
Determination?

Mark L. Psiaki?

Abstract

Two generalized versions of Wahba’s attitude determination problem have been devel-
oped for a spinning spacecraft, and a restricted version of one problem has been solved in
closed-form. These problems seek to estimate both attitude and rate based solely on a time
series of vector attitude observations along with a spacecraft dynamic model. Algorithms
that solve these problems will be useful for spin-stabilized spacecraft that reduce complex-
ity by omitting rate gyros. The first generalized Wahba problem presumes that the spin axis
is known and that the spin rate is constant but unknown, as for a spinning spacecraft that has
a nutation damper. The second generalized problem includes full rigid-body Euler dynam-
ics, which allow for nutations, and seeks to estimate the unknown initial attitude rate vec-
tor. Both problems are recast into the K-matrix form of Wahba’s problem with K matrices
that depend on the unknown rates. Restricted problems are developed that use the minimum
number of vector measurements, two for the first problem and three for the second problem.
The restricted first problem is solved in closed-form. The restricted second problem is
shown to be observable, and it is reduced to a small system of nonlinear equations in the ax-
ially symmetric case. The possibility of deriving global solutions for these problems makes
them attractive to assist or replace an extended Kalman filter because a global solution can-
not suffer from nonlinear divergence.

I ntroduction

Attitude estimation for a spinning spacecraft is important because spinning
spacecraft designs are often chosen for missions with a modest budget. A spinning
spacecraft’s attitude determination and control system tends to be more robust and
less costly due to the gyroscopic stiffness afforded by its nonzero angular momen-
tum, which makes the spacecraft’s dynamic motions more predictable. In order to
realize low cost, it is usually necessary to dispense with rate gyros. Such designs
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exploit the improved fidelity of the attitude rate dynamics model in order to enable
rate estimation based solely on attitude sensor data.

This design approach results in a combined attitude and rate determination prob-
lem that is highly nonlinear. It can be solved using extended Kalman filter (EKF)
methods, as in references [1] and [2]. Extended Kalman filters, however, can di-
verge or produce poor estimation accuracy if their linearization assumptions break
down [3, 4].

Another important tool in the field of attitude estimation is Wahba’s problem [5]
and the g-method solution to this problem [3, 6]. Wahba defined a nonlinear
attitude determination problem, and the g method solves it exactly in closed-form.
There are no linearization assumptions in this approach, and, therefore, no
linearization-induced divergence problems or accuracy reductions.

The original Wahba problem and g-method solution are limited to batch attitude
determination from vector observations at a single instant of time. This original
problem does not admit the possibility of estimating attitude rate along with attitude
based on a time series of vector measurements. There have been attempts to extend
the Wahba/g-method approach to a filtered form that also involves rate parameter es-
timates or rate measurements along with dynamic propagation [7—11]. All such at-
tempts rely on rate gyros and a purely kinematic model for dynamic propagation.
Either they do not estimate rate parameters [9, 10], or they estimate only rate-gyro
biases and lose any guarantee of attaining a global solution [7, 8, 11].

The present paper seeks to generalize Wahba’s problem and to work towards
generalizing g-method-like solutions in ways that encompass both attitude and rate
estimation for a spinning spacecraft based only on vector observations. The gener-
alized problems exploit knowledge of the attitude dynamics in order to eliminate
the need for rate gyros. Solution algorithms are sought that simultaneously deter-
mine the attitude and rate estimates that constitute the global optimum of the gen-
eralized problem. These generalized problems include the possibility of measuring
only one vector at any one instant in time. Otherwise, the problem becomes too
easy because a g-method solution to Wahba’s problem can be applied at each in-
stant of time for which two or more vector observations are available. As much as
is possible, this paper seeks to exploit existing knowledge about the g-method so-
lution to Wahba’s original problem because of its known ability to yield the global
optimum. Note that the present generalization of Wahba’s problem is different from
the generalization of reference [12], which seeks only to add another measurement
type to the original static problem.

The new algorithms will be useful for spin-stabilized spacecraft that use vector
attitude observations from Sunsensors, magnetometers, or star cameras. In the case
of star cameras, the new methods will be important only for an instrument with a
very narrow field of view, i.e., one that often cannot return multiple vector meas-
urements at a single point in time that have enough linear independence to yield an
accurate ¢-method solution. Although they could be used alone, the new algorithms
also might be useful for initializing the state of an EKF like one of those in refer-
ence [2]. They could ensure that the EKF did not diverge by providing a guaran-
teed level of initial state accuracy.

The present paper makes four main contributions to the problem of attitude and
attitude-rate estimation for a spinning spacecraft. Its first contribution is to pose
two generalizations of Wahba’s problem for a spinning spacecraft. Both general-
ized problems involve solutions for three-axis attitude and rate based purely on a
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time series of reference vector observations, with the likely scenario of having only
a single vector observation at each sample time. Both generalized problems are
based on a torque-free Euler rigid-body dynamics model of a spinning spacecraft.
The first problem presumes spin about a known body axis at an unknown constant
spin rate. This problem is applicable to a spin-stabilized spacecraft with a nutation
damper. The second generalized problem presumes that the spacecraft moments
and products of inertia are known and that the unknown angular momentum is con-
stant in inertial coordinates. This latter problem is applicable to a spinning/nutating
spacecraft. Two forms of the second problem are discussed, the general form and a
form that assumes axial symmetry.

The paper’s second contribution is a closed-form solution of a restricted version
of the first problem. The restricted problem includes only two vector measurements
at two distinct sample times. This is the minimum number of measurements re-
quired in order to determine the unknown initial attitude and the unknown constant
spin rate.

The third contribution is to pose a restricted form of the second problem: the un-
known initial three-axis attitude and three-dimensional angular rate vector must be
determined based on three vector measurements. This problem is not solved, but
the observability of example systems is demonstrated based on only three vector
measurements. Possible analytic solution strategies are discussed for this problem
in the case of axial symmetry.

The final contribution of this paper is to outline possible solution strategies for
the unrestricted forms of the two generalized Wahba problems. This discussion
aims to encourage further research efforts that seek solutions to these problems.

The remainder of this paper consists of four main sections plus conclusions and
an appendix. The second section reviews the original Wahba problem and the g-
method solution, and it presents the two new generalized Wahba problems for a
spinning spacecraft. The third section defines the restricted version of the first gen-
eralized Wahba problem. This section also develops an analytic solution to this re-
stricted problem. The fourth section defines the restricted version of the second
generalized Wahba problem, it demonstrates the local observability of this problem
by using a gradient-based analysis, and it suggests how analytic solutions might be
developed for the axially symmetric case. The fifth section discusses possible so-
lution strategies for the unrestricted forms of the two new generalized Wahba prob-
lems. The sixth section summarizes the paper’s results and gives its conclusions.
The Appendix contains some of the details of the gradient-based analysis presented
in the fourth section.

Two Generalized Wahba Problems for a Spinning Spacecr aft

This section reviews the original form of Wahba’s problem and the g-method
solution. It then extends the Wahba problem to develop two new problems that are
applicable to a spinning spacecraft whose attitude and rate must be estimated based
on a time series of vector attitude observations.

Review of Wahba’s Problem

The original Wahba problem seeks to determine the attitude of a spacecraft at a
single instant of time based in body axis measurements of two or more unit
direction vectors [5]. The estimation problem can be posed as the constrained opti-
mization problem
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find: q (1a)
1 1
> > —[bi = A(@r]"[bi — Al@)ri] (1b)
i=1 Oj
subjectto: g =1 (1c)

to minimize: J(q) =

where q is the quaternion that parameterizes the attitude. The function J(q) is the
least-squares cost function that penalizes errors between the body-axis measured
unit direction vectors b; and the transformations of the corresponding unit reference
vectors I from inertial coordinates to body coordinates using the direction cosines
matrix A(q). The g method transforms this problem into the quadratic maximiza-
tion problem

find: q (2a)
to minimize: p(q) = q'Kq (2b)
subjectto:  q'g =1 (2¢)

where the symmetric 4 X 4 matrix K takes the form

K= 2K A3)

with the 4 X 4 component matrices K; defined as [3, 6]

K = i {ribiT + bir — |3><3(biTri)} (bi X i)
L o? (bi X )" br;

o

One of the most significant aspects of the Wahba problem is that it can be solved
in closed-form by solving an eigenvalue problem. This approach is known as the ¢-
method solution [3, 6]. If one adjoins the constraint in equation (2c) to the per-
formance function in equation (2b) using the Lagrange multiplier A, then the
first-order necessary conditions for maximizing p(q) take the form

Kg = Aq (52)
qgq=1 (5b)

which is an eigenvalue problem. The optimal q is the unit-normalized eigenvector
that corresponds to the maximum eigenvalue of K, Ama. This solution globally min-
imizes the original optimal estimation problem in equations (1a)—(1c).

The availability of robust eigenvalue solvers enables the  method to guarantee
that the globally optimal attitude has been determined. This ability to guarantee
global optimality is a very strong asset of all Wahba/g-method-based estimation
algorithms. One of the other leading attitude estimation algorithms, the extended
Kalman filter (EKF), can have divergence problems because it relies on linearizations
that only have local validity. In other words, it may diverge because it cannot guar-
antee that its solution is the global optimum of the associated estimation problem [4].

First Generalized Wahba's Problem: Known Spin Direction, Unknown Spin Rate

“)

The first extension to Wahba’s problem relaxes the requirement that all of the
measurements be taken at the same instant of time. It includes the estimation of an
unknown constant spin rate about the known major inertia axis of the spin-stabilized
spacecraft. This generalized Wahba problem can have a solution even if there is no
single instant in time when more than one vector measurement is available.
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This generalized Wahba problem is applicable to a spin-stabilized spacecraft that
has a nutation damper. Nutation damping ensures that the spacecraft will spin about
its major axis of inertia in steady state. Standard spin-balancing techniques imply
that this axis will be known in spacecraft body coordinates.

This problem formulation and all of this paper’s subsequent developments assume
that attitude sensor alignments have been well calibrated in advance. This assumption
ensures that the measured b; vectors are known in the same body-axis coordinate sys-
tem that is used to define the known spacecraft moment-of-inertia properties.

If one defines the known spin axis to be & = [€x; €y; €x], Where € is a unit di-
rection vector in spacecraft coordinates, and if one defines the unknown constant
spin rate to be the scalar w, then the first generalized Wahba problem takes the form

find: Qo and w (6a)

to maximize: Pa(Qo, ) = qg{}rﬂ: O ot — to) JKPlw(ti — to)]}QO (6b)

subject to: qoge =1 (6¢)

where (o is the initial attitude quaternion at epoch time to, ti is the sample time
at which the body-vector measurement b; was made for i = 1,...,m, and
Dlw(ti — t)] is the orthonormal 4 X 4 matrix that maps Qo to q(t) =
Dlw(ti — 1)]qo. Given that the spin vector is known to be constant and equal to
we&s, the quaternion dynamics model in reference [6] implies that this matrix is

0 € —& 6

—e&x —6& —e& 0
)

This generalized Wahba problem differs markedly from previous time-varying
Wahba problems that have been proposed, as typified by the problem defined in ref-
erences [9] and [10]. Such problems presume the availability of three-axis rate-gyro
data. Although they include a quaternion transition matrix @(t;, t) in an estimation
performance metric, as in equation (6b), their @(t;, t)) matrix does not depend on
any unknown spin rate. It is assumed to be known from the gyro data and from in-
tegration of the associated transition matrix differential equation.

The estimation performance metric in equation (6b) can be re-written in the form
Pa(Qo, @) = giKa(w)qo where

Ka(w) = _:El@[w(ti — 1) JKi®[o(t — to)] ®)

Thus, the new problem form retains the original g-method form. The only differ-
ence is that its K matrix now depends on an unknown parameter.

Second Generalized Wahba's Problem: Known Inertia Matrix
and Torgue-Free Motion

The second generalized Wahba problem for a spinning spacecraft relaxes the
requirements that the spin axis is known a priori and that the spin rate is constant.
It replaces these assumptions with assumptions that the spacecraft is rigid, that its
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3 X 3 body-axis moment-of-inertia matrix |l is known, and that the spacecraft un-
dergoes torque-free motion. Thus, the spacecraft can nutate while it spins. The cor-
responding generalized form of the Wahba problem is

find: (o and o (9a)
to maximize: Po(Qo, o) = 0 [E@T(ti, to; wo) Kid(ti, to; wo):|qo (9b)
i=1

subject to: Qoo = 1 (9¢)

where the unknown 3 X 1 vector @, is the initial angular velocity of the spacecraft
at time t, expressed in body coordinates, and @(t;, to; my) is the quaternion transi-
tion matrix that is used to determine q(ti) = (1, to; wo)qo for a rigid body under-
going torque-free motion. This matrix can be determined by integrating Euler’s
equation to determine @(t) = [wu(t); wy(t); wAt)] as a function of @, while simul-
taneously integrating the quaternion transition matrix differential equation from the
initial condition P(to, to; wo) = laxs. This system of equations takes the well-
known form [6]

“L—‘t" — 12w X (ew)] (10a)
0 wlt)  —ayt) ot

dO(t, to; o) 1 — w(t) 0 o) wy(t) '
dt T2 o) e 0O onlt) D(t, to; ) (10b)

—ax(t) — wy(t) —wt) 0

Note that |« can be assumed to be diagonal without loss of generality.

This system of equations can be integrated numerically or analytically. The re-
sult in equation (7) is the solution of this system of equations for the special case
where € is a principal axis of | and @y is aligned with this axis. A more compli-
cated closed-form solution for @(t, to; wy) can be determined for the case of axial
symmetry. It exploits the notion of a body-fixed cone rolling on a space cone and
can be written in terms of ordinary trigonometric functions ([6], p. 530). The solu-
tion for the general case involves the use of Serret-Andoyer variables [13] and is
very complex. It is not clear that an analytic form of this latter solution would serve
better within an optimization algorithm than would a solution based on numerical
integration of equations (10a) and (10b).

Similar to the first generalized Wahba problem, the performance metric in equa-
tion (9b) can be recast into the form Pu(Qo, wo) = qiKu(wo)go where

Kb(wo) = Z‘I)T(ti, to; (U())Kiq)(ti, to; wo) (1)

Again, this is the problem form that is addressed by the original q method, except
that the K matrix is a function of the initial angular velocity vector .

It may be beneficial to reformulate the 2nd generalized Wahba problem by re-
placing the unknown initial angular velocity @, with the unknown initial angular
momentum. One could use the initial angular momentum in spacecraft coordinates,
N = Iy, or the constant angular momentum in inertial coordinates:
hin = AT[Qo]lscapo. There is a one-to-one relationship between the vector of un-
knowns [o; @] in the original formulation of this generalized problem and the two
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proposed new vectors of unknowns [o; hso] and [qo; hin]. It is straightforward to
transform the problem between these three different possible formulations. The re-
sulting transformations would yield Wahba-type performance metrics of the form
Pc(To, hsw) = qoK(hso)qo or Pa(Co, hin) = g5Ka(qo, hin)go. The calculation of the
symmetric matrix K¢(hso) or Kg(qo, hin) would involve integration of the corre-
sponding versions of equations (10a) and (10b) followed by a summation like that
in equation (11). The Pa(qo, hin) performance metric is probably less useful. The
added dependence of Kqa(Qo, hin) on gy would complicate any effort to maximize

pd(Qo, hin)-

A Restricted Version of the First Generalized Wahba Problem
and its Exact Solution

A restricted version of the first Wahba problem in equations (6a)—(6c) can be
solved exactly. This problem limits the number of vector measurements to the min-
imum that is needed in order to make the solution unique: m = 2 measurements at
two distinct measurement times t; # t, with reference unit direction vectors r, and
I, that are linearly independent. This restricted problem is observable in the general
case because each measurement contains two independent pieces of scalar infor-
mation, making for a total of four equivalent scalar measurements. The problem un-
knowns also constitute the equivalent of four scalars, the three free parameters in
the quaternion ( after its normalization constraint has been considered and the spin
rate w. Therefore, the four problem unknowns should be determinable from the four
pieces of attitude information in the two vector measurements.

The solution of the restricted problem amounts to equation solving. It produces
an equivalent to the equation (1b) cost that is exactly zero. This solution starts by
recognizing that each matrix K, as defined in equation (4), has two equal maximum
eigenvalues with two orthogonal eigenvectors. Using the results of reference [14],
this subspace of eigenvectors is spanned by the two quaternions

( 1 bi X r; )
V2(1 + br) [(1 + b?ri)] if — 1 <blr
Qoi = 1 (lza)
G
) [0] if — 1=blr,
b
Opi = 0:| & Qai (12b)

where Ci in the lower condition of equation (12a) is any vector that is perpendicu-
lar to b; and where standard quaternion multiplication [6] is used in equation (12b)
with the order convention such that A(Qa ® gs) = A(Qa)A(Qy). The general maxi-
mizing eigenvector is the quaternion

Q(ti) = (ai COS(@i) + Qg sin(Hi) (13)

The angle 6 is a free parameter that will be determined by the solution procedure
in a way that causes q(tj) to equal the optimal estimate of the attitude quaternion at
time t;.

The quaternion formula in equation (13) can be applied at the measurement
times t; and t;, and the results can be used in a quaternion multiplication in order to
determine the quaternion of rotation between these two times as
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Qro1 = q(t) @ q7'(ty)
= [Qa2 c0s(6:) + Qpasin(6:)] @ [gal cos(01) + qgpi'sin(6))]

1
— cos(6, + ) E[qﬂz ® gal — g2 ® gl
1
+ sin(6, + 6) E[qaz ® gal' + Q2 @ Gal']

1
+ cos(6, — 6) 5 [z ® qal + g2 ® 5]

1
+ sin(6, — 6)) ey [ 0e2 ® dal + qp2 ® gat] (14)

The quaternion notation ™' indicates the quaternion formed by negating the first
three elements of q while keeping the fourth element unchanged. It constitutes the
inverse rotation so that  ® q~' = q~' ® q = [0; 0; 0; 1], the identity quaternion.

The solution to the restricted first problem makes use of the fact that the rotation
quaternion in equation (14) must equal

e sin<0)(t22— t1)>
(15)

Qrot21theory = oy w(t2 . t])
2

In particular, the first three elements of Qo1 from equation (14) must be parallel to
the spin direction vector €. One can choose two unit direction vectors €, and €,p
such that [e,4, €1, &] forms an orthonormal triad. One uses these two vectors to
develop a pair of equations for the two unknown angles ¢ = 6, + 6, and
v = 60, — 6,. These equations take the form

ela 0 cos ¢ cos 7y
= o1 = F + 1
0 |:eEb 0:|qot21 |:sin ¢:| G|:sin Y (16)

where the 2 X 2 matrices F and G are

1|ela 0
F = 3 |: ; :|[(qa2 ® q;ll — qﬁ2 ® q/;ll), (qa2 ® qgll + qu ® qgll)] (173)
enw O

1]ela 0
G= > [e;a 0][(%2 ® dal' + 02 ® Qpi), (—02 @ Gl + G2 @ )] (17b)
b
Equation (16) is used to solve for the 2 X 1 vector [cos ¢; sin ¢] in terms of the
vector [cos 7; sin ], and the result is substituted into the equation cos® ¢ +
sin* ¢ = 1 to yield the equation

1 = [cos 7 sin )/:IGT(IZ_l)TF_lG[C_OS y] = [cos 7y sin y]L [C?S y] (18)

sin 7y sin 7y
where L = G™(F")"F'Gis a symmetric 2 X 2 matrix. In the general case, F is con-
jectured to have an inverse, as demonstrated by several randomly developed numer-
ical examples, all of which yielded a nonsingular F matrix. If F is not invertible, then
it should be possible to develop an alternate equation in terms of cos ¢ and sin ¢ and
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the inverse of G, one that solves equation (16) for the 2 X 1 vector [cos v; sin y] in
terms of the vector [cos ¢); sin ¢] and that substitutes the result into the equation
cos® y + sin’ y = 1. Alternatively, it may be possible to choose the vectors €,
and e, in a way that ensures the nonsingularity of F. The conditions that ensure non-
singularity of F or G constitute a subject that warrants further investigation.
Trigonometric identities can be used to re-cast equation (18) in the form

1 - <%> = usin(2y + ¢) (19)

L — Ly )?
u= \/ L + (%) (20a)
I—ll - I—22
i = atan2 — ) Li2 (20b)

and where atan2[,] is the usual two-argument arctangent function. Equation (19)
can be solved in closed form. It has two solutions in the form of

where

_1
y = l{asin[l (L + L22)] — dj} + nmw (21a)
2 u
1 =3+ Ly
Y= > 7 — asin y — ¢y +nmT (21b)

The n7r ambiguities for integer-valued n only affect the common-mode signs of the
elements of the quaternions q(t;) in equation (13). Such sign changes do not change
the represented attitudes; therefore, nonzero values of N can be ignored.

The ability to distinguish which of these two solutions is correct is not provided
by the data at the two sample times that are used in this restricted problem. Nu-
merical truth-model simulations show that a simple test involving a third vector ob-
servation at a third sample time suffices to resolve this ambiguity.

Given the correct y from equation (21a) or (21b), a back substitution procedure is
needed in order to determine the other solution quantities of interest. This procedure
starts by substituting vy into equation (16) and solving for ¢. The quantities 6, =
0.5(¢p — y) and 6, = 0.5(¢ + 7) are computed next, and these quantities are sub-
stituted into equation (13) in order to compute q(t;) and q(t,). These quaternions are
substituted into the first line of equation (14) in order to compute the rotation quater-
nion Q1. This quaternion is equated with the theoretical formula in equation (15) in
order to compute the spin rate w. Finally, this spin rate is substituted into equation (7)
in order to compute the quaternion transition matrix @[w(t; — )], and this matrix
is used to compute the initial quaternion: gy = @ [w(t; — t)]q(t)).

This solution procedure has been encoded and tested on simulated truth-model
problems. Except for the ambiguity noted between the two vy values in equations
(21a) and (21b), the numerical calculations bear out the correctness of this solution.

This solution to the restricted form of the first generalized Wahba problem could
be useful for initializing an EKF. Given its global optimality, its solution would be
likely to be very near the true attitude and spin rate if the measurements were rea-
sonably accurate. This good solution could provide an EKF with enough initializa-
tion accuracy to avoid the possibility of divergence due to linearization errors.
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This solution may provide insight that could lead to the development of a closed-
form solution to the unrestricted version of the first generalized Wahba problem.
Alternatively, it could provide the starting guess for an iterative numerical solution
of the unrestricted problem.

A Restricted Form of the Second Gener alized Wahba Problem
The Minimum Observable Form of the Second Problem

The restricted version of the second generalized Wahba problem uses the mini-
mum number of measurements required for observability. Consider the number of
free scalar unknowns in the second generalized problem: there are three free pa-
rameters in the initial quaternion ¢ after the normalization constraint has been en-
forced, and there are three independent elements of the initial angular velocity
vector @y, which yields a total of six scalar unknowns. Each vector attitude meas-
urement pair (r;, bj) contains two pieces of scalar information. Therefore, at least
m = 3 pairs are needed in order to make the second generalized problem observ-
able. The next two subsections demonstrate that m = 3 measurements is a suffi-
cient number for observability in a representative set of example cases. The
restricted version of the second problem is defined to be the problem that uses this
many measurements.

This restricted second generalized Wahba problem may have important practical
uses. It may be possible to develop an analytic or semi-analytic global solution to
this restricted problem as was done for the first restricted problem. Such a solution
could shed light on how best to solve the unrestricted form of the problem. Alter-
natively, it could be used to initialize one of the EKFs in reference [2], thereby pre-
cluding the possibility that the EKF would diverge.

It is possible that initialization of an EKF will be the most important use of either
of the generalized Wahba problems. If so, then the restricted forms of the two prob-
lems would probably be the most important forms because the corresponding
EKEF solution might be as good or better than the solution to the unrestricted prob-
lem when considered over any significant time duration. In this case, a quest for
solutions to the unrestricted forms of the two generalized problems might be more
of a pure mathematical challenge than an important contribution to aerospace
engineering.

A Second-Order Approximation of the Second Wahba Problem

A gradient-based approximation of the restricted form of the second generalized
Wahba problem can be used to demonstrate its local observability. Suppose
that (Coopt, @Woopt) 1S @ candidate point for the maximization of the performance
metric Po(Qo, @o) of equation (9b). Then the optimal estimation problem in equa-
tions (9a)—(9¢) can be approximated to second order near this point by the problem

find: Aqo and Aey (22a)
A
to maximize: APn(AQo, Awo) = [gF, 9] [ Aj)(;] (22b)
1 Hoq — 2Aoptlaxa  Hao || AQo
+ —TAdY. At aq ptl4x4 q
> [AQo, Aewy ] |: T Hoo || Aes

subject to: (oot ACo = 0 (22¢)
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where AQp and Ay are perturbations to Qoopt and woept and where APp(Ado, Aay) is
the second order approximation of the corresponding perturbation to Po(Coopt, @oopt)-
The variable Aopt = GdoptKn(@oopt)Goopt is the Lagrange multiplier for the constraint
in equation (9¢) and equals the largest eigenvalue of Kp(@oop) because Qoopr must
equal the corresponding eigenvector. The vectors gq and g, are the gradients of
Po(Qo, @) With respect to go and @y, and the matrices Hyq, Hgo, and H,,, are the Hes-
sian second partial derivatives of Pr(Qo, cwo) With respect to (o and o, all evaluated
at Qoopt and myop. The Appendix presents formulas for the computation of Qq, 9w, Hag,
Hgw, and H,,.

Local Observability of the Restricted Second Problem

A system is said to be observable if and only if there exists a unique solution to
the corresponding well-determined or over-determined system of equations that in-
corporates the system’s measurement model and dynamic model. Local observ-
ability of the second generalized Wahba problem is the equivalent of demonstrating
that the problem in equations (22a)—(22c) has the unique global maximum Aqgy = 0
and Aw, = 0. Two conditions must be met for uniqueness to hold in this case. They
are the first-order necessary condition and the second-order sufficient condition for
(Cloopt, @oopt) to be a local maximum of the original problem in equations (9a)—(9c¢).

The first-order necessary condition requires that g; — Bqoopt = O and that g, = 0.
The scalar 3 is the Lagrange multiplier for the linearized constraint in equation (22c).
A review of the formula for g4 in equation (Ala) of the Appendix shows that
B = 2Aq Will cause the first of these two equations to be satisfied if (oot is an
eigenvector of Ky(ewoop) With eigenvalue equal to Aoy. This is a familiar result from
the original g-method solution of the Wahba problem. The equation g, = 0 is a new
condition imposed by the present paper’s generalization of Wahba’s problem. For
purposes of the local observability analysis, it can be assumed that the chosen
(Cloopt, @oopt) point satisfies these two first-order necessary conditions.

The second-order sufficient condition for a local maximum at the point
(Cloopt, @oopt) is that the projected Hessian of the performance metric APy(AQo, Awo)
be negative definite. The Hessian matrix is the 7 X 7 block matrix in the last term
on the right-hand side of equation (22b). The second-order sufficient condition con-
siders the projection of this Hessian into the six-dimensional subspace of
[AQo, Aax] space that is perpendicular to the constraint gradient vector [Qoopt; 0]
Negative definiteness of the projected Hessian implies that every nonzero vector
[AQo, Aax] produces a negative value when substituted into the last term on the
right-hand side of equation (22b) if the vector’s AQy component obeys
qgoptAqO = 0.

A suitable projection of the Hessian can be calculated by first determining a
4 X 3 projection matrix Q, such that the 4 X 4 matrix [Q., Qoopt] is orthonormal.
One possible choice of Q, is

(Cloopt)s (Qoop)s ~ — (Qoom)2
- (qOOpt)3 (qOOpt)4 (qOOpt)l

(Qoop)2~ —(Qoopt)1 ~ (Cloopt)s
- (qOOpt)l - (q00p1)2 - (QOopt)S

as suggested by quaternion multiplication theory [6]. Given this projection, the re-
quired 6 X 6 projected Hessian matrix is

Q.= (23)
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T _ T
Hpmj:[QL(qu 22l 4x)Qu QLqu] o,

Hl’)]erJ_ H(uw

The second-order sufficient condition can be evaluated by computing the six real-
valued eigenvalues of the symmetric Hyoj matrix. It is negative definite and the sys-
tem is locally observable if and only if all six eigenvalues are negative.

The second-order problem approximation and observability calculations of equa-
tions (22a)—(24) have been carried out numerically for several example cases.
These computations have used “truth” values of (o and ey in order to simulate the
bi vector measurements. The measurements have been simulated with zero meas-
urement noise. The same truth values of gy and @, have then been used as Qoo and
woopt in equations (22a)—(24). This guarantees that the first-order necessary condi-
tions for a local maximum are satisfied. The question of local observability has
been answered by computing the six eigenvalues of Hyq and checking that they are
all negative. A variety of truth values of (o and w, have been generated for these
tests with the aid of a random number generator.

These calculations have confirmed the observability of the restricted form of the
second generalized Wahba problem for all of the numerical cases that have been
considered. Recall that this restricted problem is the form that incorporates the min-
imum required number of vector measurements, m = 3. This numerical evidence
demonstrates observability in the general case that has three different measurement
times t;, t;, and t; and three linearly independent inertial reference vectors Iy, I, and
r;. The numerical evidence also shows that the problem can retain observability
even when two of the reference vectors are the same while the third is linearly in-
dependent, i.e., when ry = r,,r, = rs, or r, = r;. The restricted problem loses ob-
servability, however, if all three inertial reference vectors lie in the same direction
or if two or more of the measurement times are the same.

There might exist isolated additional cases in which the restricted problem is not
observable, perhaps cases where the sample times induce an aliasing-like effect
with respect to the spacecraft’s nutation or spin frequency. No such perverse cases
have yet been encountered.

Possible Analytic Solution Strategies for the Restricted Second Problem
in the Case of Axial Symmetry

It would be useful to have an analytic global solution to the restricted version of
the second generalized Wahba problem. Such a solution would be for the second
problem what the analytic solution of the third section is for the first problem. No
such solution has yet been derived. This subsection suggests strategies that might
be employed to derive one.

The first step in deriving an analytic solution is to develop an analytic expression
for the @(t, to; @wo) quaternion state transition matrix. It is probably possible to de-
rive an analytic expression for @ (t, ty; ay) for a general moment-of-inertia matrix
Isc [13], but the expression is likely to be too complicated to help in deriving an an-
alytic solution to the restricted second generalized Wahba problem. In the case of
axial symmetry, however, the expression for @ (t, ty; wy) is relatively simple. It can
be derived in terms of two rotations that model the rolling of the “body cone” on
the “space cone,” as discussed in reference [6] on pp. 491-492. This expression
takes the form (reference [6], p. 530)
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Qoa(t — to, @0)  Cas(t — to, )  —QGaolt — to, @)  Gan(t — to, &)
_ —Q¢3(t — to, o) q¢>4(t — to, wp) qqul(t — to, @) qrbz(t — 1o, mo)
D(t, to; wo) =
Qoo — to, )  —Qai(t — to, @)  Goalt — to, o)  Cas(t — to, &)
—Qoi(t — to, @) —Qao(t — to, @) —Gas(t — to, @) Gault — to, @)
(25)
where

Qa1 (t — to, ax)

t - t s
gﬁt - tZ 33 = Golt — 1, @) = Qs(t — to, o) B Gn(t — o, @0) (26)
Q<1>4(t — 1o, o)
with
[ 0
0
As(t — to, o) = sin{0.5(t — 1) wny} o
| cos{0.5(t — to) wnp}
[ [
(luxz()n)sin{o.sa ~ to)ons}
—_ i 0
On(t — to, ax) = i c0s{0.5(t — to) cwns} o

These formulas assume that the nominal spin axis is the body z axis and that
|l = diag(l+, I1, Is). The Z-component of the spin rate is wAt) = wy, a constant. The
body-axes nutation rate is wnp = [1 — (Is/l7)]was, and the nutation rate with respect
to inertial space is wns = ||lsco||/I7. Thus, Isis the moment of inertia about the nom-
inal spin axis, It is the moment of inertia about the two transverse axes,
gs(t — 1, @) parameterizes a rotation about the nominal spin axis at the body-axes
nutation rate, and gn(t — to, ) parameterizes a rotation about the angular mo-
mentum vector at the inertial nutation rate.

One possible strategy for developing an analytic solution to the restricted second
problem is to equate the Qi1 rotation quaternion of equation (14) with
Jol(tz — ti, @) from equation (26), where @w; = w(t;). This equation might be used
to solve for @; or for hg; = I as a function of 6; and 6,. The resulting solution
could then be used to form qo(t; — ti, w1), and this rotation could be used to set up
the three equations

(0%} COS(03) + Qg3 Sil’l(03) = q(1>[t3 — 11, w1(01, 92)] (%9 [qal COS(B]) + Qg1 sin(()l)]
(28)

in the three unknowns 6,, 6,, and 6s. This equation makes use of the formulas for
Jai» i, and q(t) that are given in equations (12a)—(13). Although equation (28) has
four components, only three of them are independent due to the quaternion nor-
malization constraint. If these three independent equations could be solved analyt-
ically for 6,, 6,, and 6, then the result could be used to determine the solution to
the restricted second problem (o, o).
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An alternative solution strategy is to deal directly with six independent equations
in six unknowns. Such an approach might work with the six unknowns 6;, 6., and
05 and the three elements of @, = (t). One possible set of six independent equa-
tions is

(O % COS(93) + Q3 Sil’l(03) = qcp(t3 - t, wz) X [qaz COS(02) + q,;zsin(Oz)] (293)
Qa1 COS(@]) + Q1 sin(()l) = Qq)(tl — 1, wz) & [qaz COS(ez) + qusin(Gz)] (29b)

Actually, there are eight equations here, but only six are independent due to the nor-
malization constraints of the quaternions.

It is not clear whether the above strategies and related methods will yield ana-
Iytic solutions. Even if they do not, they might be useful for developing numerical
solution procedures based on iterative equation solving techniques. It might be pos-
sible to manipulate equations like those above in order to reduce the number of un-
knowns that need to be determined numerically. Alternatively, these and related
equations might enable the derivation of bounds on the space of the unknowns that
delimit a finite region which is guaranteed to contain the global solution.

Candidate Solution Strategies for the Two Generalized
Wahba Problems

This section proposes strategies that could be used for solving the two original
generalized Wahba problems. An obvious strategy is to use an inner-analytic solu-
tion for o based on the g method. This would be augmented by an outer optimiza-
tion for either w or wy. The outer optimization might proceed numerically. This
section outlines how a Newton-like optimization could be performed on this outer
optimization.

Inner go and Outer w or @, Optimizations

The performance metric of the first generalized Wahba problem,
Pa(Co, w) = qoKa(w)qo, suggests a possible solution algorithm that decomposes the
problem into an inner optimization of ¢y with an outer optimization of w wrapped
around it. For any given value of w, the inner optimization can compute the globally
maximizing (o by solving an eigenvalue problem, as in the original g method of equa-
tions (5a) and (5b). The performance metric can then be reduced to Pa(®) = A ma(w).
The outer optimization must find the scalar w that maximizes Apax(w).

The performance metric of the second generalized Wahba problem,
Po(Co, o) = iKo(@o)qo, is also amenable to an inner/outer solution procedure. The
inner problem determines the globally optimal q, for any given initial attitude rate
. The performance metric for the outer optimization reduces to Po(@o) = A max( o).
This optimization is more complicated than the outer optimization of the first gener-
alized Wahba problem because this performance metric is a function of three scalar
unknowns rather than just one.

An important property of the inner/outer approach is that the corresponding Qo
estimate is guaranteed to be the global optimum for the given estimate of w or .
If a global outer optimization can also be performed, then the solution will be the
global optimal solution to the corresponding generalized Wahba problem.

Figure 1 plots the performance metric Pa(w) = Amx(w) vs. o for a typical outer
optimization of the first problem. This metric has been generated from a truth-model
simulation that uses eight vector measurements that are distributed over 1.37 spin
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periods; the truth spin period is 45.32 sec. The accuracies of the attitude measure-
ments range from 1.3 to 2.2 deg. The figure shows that the global maximum of the
outer problem clearly falls very near the truth spin rate, within about
0.00011 rad/sec. The corresponding optimal estimate of ¢ has a total attitude error
of 0.85 deg from the truth value of qo, with errors about the individual body axes
ranging from 0.09 deg to 0.72 deg. Thus, the global outer optimization, which has
been performed by brute-force calculation of Am.(w) on a very fine grid of w val-
ues, yields accurate estimates for the attitude and the spin rate.

Figure 1 also shows two local maxima of the Pa(w) performance metric that are not
the global maximum. These occur at w = 0.019 rad/sec and at @ = 0.255 rad/sec.
There may well be additional local maxima outside the range of w values that have
been considered. The possibility of multiple local maxima presents a challenge to any
outer optimization algorithm that seeks to find the global maximum.

The sharp corner in the Amax vs.  curve of Fig. 1 indicates a discontinuous first
derivative of the performance metric at w = 0.216 rad/sec. This singularity is
caused by a change in which eigenvalue of Ka(w) constitutes the maximum. This
change is illustrated by the grey curve, which plots the second largest eigenvalue
of Ka(w) vs. w. This grey curve intersects the black dash-dotted curve at the point
where the latter curve has a discontinuous slope. The original maximum eigenvalue
at lower w values decreases with increases of w while the second largest eigenvalue
increases with w until the two values cross. The possibility of such corners in the
outer performance metric can cause a problem for gradient-based numerical opti-
mization procedures.

FIG. 1. Amx Vs. @ for the Outer w Optimization of an Example First Generalized Wahba Problem.
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Iterative Numerical Solution of the Outer w or @, Optimization

The outer w optimization for the first generalized Wahba problem and the outer
w, optimization for the second problem could be performed using an iterative non-
linear numerical optimization routine. A natural choice would be Newton’s method.

Newton’s method for nonlinear optimization computes solution increments by
maximizing a local quadratic approximation of the performance metric [15]. In the
outer w optimization of the first problem, this quadratic cost function would be

a/\max i 82/\max

2 Jdw?

Ap(Aw) = Aw + Ao’ (30)
g g

where wy is the current best estimate of the spin rate as determined by the Newton
algorithm and where the optimal Aw would be added to wg in order to generate the
next estimate. The Newton increment for the second problem would be the Ay

value that maximized the quadratic performance metric

9 Amax 1 0 Amax
Awy + — A}
dwo @o T A dw}

Abb(Awo) = Awo (3D

“0g

with wog being the Newton algorithm’s current best estimate of the initial angular
velocity vector and with the optimal Ay being the algorithm’s next increment to
this estimate.

An equivalent method for determining the Ay vector that maximizes the equa-
tion (31) metric is to solve an approximate quadratic optimization problem, one like
equations (22a)—(22c), but with the following modifications: the gradient vectors
0q and g, and the Hessian matrices Hyq, Hgo, and H,, in equation (22b) must be
computed at wy = g and at the Qog value that satisfies Ko(@og)Qog = AgQog, With
gbg¥og = 1 and with Aq being the maximum eigenvalue of Ky(wqg). The term Aqy in
equation (22b) must be replaced by Aq. Also, the term Qop in equation (22¢) must
be replaced by .

A similar method can be developed for determining Aw for the outer numerical
optimization of the first generalized Wahba problem. This method works by deriv-
ing a local quadratic approximation of the first problem that is similar to equations
(22a)—(22c), except that the needed matrix derivatives dK,/dw and d*K./dw” are
calculated using simpler operations than those in equations (A3a)—(A3c) and
(Ada)—(A4c) of the Appendix.

Any gradient-based outer optimization would need to be augmented with strate-
gies for dealing with the two possible difficulties that have been illustrated in Fig. 1.
Gradient-based algorithms can only be guaranteed to find a local maximum, and
this guarantee holds true only if additional guarding operations are added to the
computation of the increment Aw or Aey. An additional outer loop would have to
be wrapped around a gradient-based technique in order to seek multiple local max-
ima in hopes of finding the global maximum. Any gradient-based algorithm would
also need to be augmented to deal with the possibility of one or more isolated dis-
continuities of the first derivative of the performance metric, as illustrated in Fig. 1
at w = 0.216 rad/sec.

Summary and Conclusions

This paper has posed two generalized versions of Wahba’s attitude determination
problem. The generalized problems seek to estimate the attitude and the angular rate
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of a spinning spacecraft based on a time series of vector attitude observations coupled
with a dynamic model of the spacecraft spin. One generalized problem presumes a
known spin axis and solves for the unknown constant spin rate about this axis along
with the initial attitude quaternion. It is applicable to a spin-stabilized spacecraft that
uses a nutation damper. The other generalized problem presumes a known inertia ma-
trix and torque-free motion and solves for the initial quaternion and the initial rotation
rate vector. This second problem is applicable to a spinning spacecraft that is under-
going significant rigid-body nutations. These two problems take similar mathematical
forms: a Wahba problem with a K matrix that depends on unknown rate parameters.

This paper has posed restricted forms of the generalized Wahba problems that
limit the number of vector measurements to the minimum required for observabil-
ity. That number is two for the first problem and three for the second problem. An
analytic solution to the restricted form of the first problem has been presented. The
restricted form of the second problem has been shown to be observable, and solu-
tion strategies for this problem have been suggested.

A semi-analytic solution strategy has been proposed for the unrestricted forms of
the two generalized Wahba problems. This approach solves an inner quaternion op-
timization using the closed-form g method, and it employs an iterative numerical
optimization to solve the outer problem for the attitude rate parameters. This outer
optimization must deal with the possibilities that its performance metric will have
multiple local optima and discontinuities in its first derivative.

The new generalized Wahba problems and the associated solution strategies will
be useful for spin-stabilized spacecraft missions that carry vector attitude sensors
but no rate gyros. A global solution to one of the generalized Wahba problems could
provide a reliable initial state estimate for an extended Kalman filter, or it could be
used as a batch algorithm for attitude and angular rate determination over finite
windows of time.
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Appendix: Partial Derivatives for the Second Order
Approximation of the Second Problem

The gradients of the equation (9b) metric P» (qo, @o) With respect to o and
are the vectors

T
JPb
Oq = P = 2Ky (@0opt)Joopt (Ala)
900o| (doopt- @oopy )
Gl 2|
Oopt ———
. opt aa)xo @oopt Oopt
op b aKb
g, = | o] lon (Alb)
9 @0 | (@oopt- @oop) 9 Wyo|woopt
0Ky
Qoopt T oopt
i 9 W0 | woopt
The corresponding second derivative Hessian matrices are
9°Do
Hey = o2 = 2Ky (@hen) (A22)
9% @opt> “oopt!
_
o = oo
9000 o @oopt “0opt)
GKb aKb aKb
=2 Goopt | » Goopt | oopt (A2b)
aww @0opt aa)yo mOopt awm wOopt
ap
Hy, — 220
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Ky r 0Kp . 0K
qOOpt a a)>2<o e qOOpt qOOpI wao 6(0y() o qOOpt qOOpI wao awm o qOOpt
= 5 ﬂ T % T &
qOOpt Gam awyo e qOOpt qOOpI 6 w;%() o qOOpt qOOpI a(l)y() awm o qOOpt
asz T 32Kb T asz
ot ————— opt ~ .. 0] opt 5 0]
<q00pl 3 ) m| o q00pl> <QO pt FYVET Goopt Goopt 369% | ooa Coopt

(A2c)

The first and second partial derivatives with respect to @, of the symmetric
4 X 4 matrix K, can be computed by differentiating equations (10a)—(11) appro-
priately. The needed first derivatives of these equations are
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for j = X, y, or z. The initial conditions for the joint vector/matrix initial value prob-
lem in equations (A3a) and (A3b) are Jdw(b)/dwo =[1;0;0],

aw(to)/é (J)y()

The second derivative computation takes the form
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forj = X,y, or zand k = X, y, or z. The initial conditions for the joint vector/matrix
initial value problem in equations (A4a) and (A4b) are 9*w(to)/dwjodww = 03x; and
*®(ty, to)/dwjpdwo = Osxa. It is usually advantageous to perform numerical inte-
gration of the initial value problems in equations (10a) (10b), (A3a) (A3b), (Ada),
and (A4b) simultaneously because solutions from some of these equations are
needed in others at intermediate times.



